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ABSTRACT 

In the paper some paradoxes of imaginary unit iota have been propounded. The properties found 

in the paper are more advanced than the previous ones. It has been proved that the imaginary 

numbers cannot be imagined within the set of real numbers. The representation of imaginary 

numbers (if possible) lie beyond the set of real numbers on real number line, which supports the 

concept of imaginary and circular number lines. Before concluding the paper one open problem 

has been presented for further research. 
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Introduction 

Swiss Mathematician Leonhard Euler (1707-1783) introduced the imaginary unit „iota‟ with 

symbol „i‟ for the square root of (-1) with the property i2 = -1 or -1 = i in 1748. The existence of 

complex numbers were not completely accepted until the geometrical interpretation had been 

described by Casper Wessel in 1797 and C. F. Gauss in 1799 as points in a plane. Although the 

idea of representing a complex number by a point in a plane had been suggested by several 

mathematicians, it was Argand’s proposal that was accepted. Gauss used it and proved “the 

Fundamental Theorem of Algebra” in his Ph.D. thesis in 1799 which had been given by Albert 

Girard. In 1833 Irish mathematician Hamilton introduced the complex number notation a + i b 
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and made the connection with the point (a, b) in the plane although many mathematicians argued 

that they had found this earlier. In 1804 Abbe Buee came upon the same idea which Wallis had 

suggested that ±√-1 should represent a unit line, and its negative, perpendicular to the real axis. 

Buee‟s paper was not published until 1806, in which year Jean-Robert Argand also issued a 

pamphlet on the same subject. It is to Argand‟s essay that the scientific foundation for the 

graphic representation of complex numbers is now generally referred. 

 

A Look at Latest Works 

Yadav [2008] proved that 0i , 0 i , i  and  i . But he didn‟t discuss the signs o f 

real number x and its effect, which lacked some properties. Based on these he introduced 

imaginary number line to represent imaginary numbers on it and then extended it to circular 

number line, which naturally wants some attention due to some un-discussed cases. On the other 

hand Mabkhout [2016] proved that “imaginary number merges to infinity and i  as well as 

„infinity‟ and „imaginary‟ are equivalent". 

 

Analysis of Imaginary Unit 

Euler introduced the imaginary unit „i‟ with the property i1  and 12 i . Since we have 
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From above we find that i1 . But it is not known that whether i > 0 or i < 0, therefore it 

shouldn‟t be taken as „+ i‟, ignoring the second one absolutely. 

 

Discussion on Imaginary Unit 

Although it is not known that a real number and an imaginary unit (or a complex number) can be 

compared or not, as two real numbers are compared with respect to law of trichotomy, we are 

proceeding in this direction using following properties: 

 

Theorem 1: For non-zero real number x, the imaginary unit 
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Proof: Since x is a non-zero real number, let us consider the following cases: 

Case-I: Let i > x. Then i - x > 0 

 (i - x)2 > 0  i2 + x2 - 2ix > 0  2ix  <  x2 - 1 

 0;
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 xfor
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x
i  and 0;
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i . 

Case-II: Let i < x  x – i > 0  (x - i)2 > 0  x2 + i2 -2ix > 0  x2 - 1 > 2ix  

 0;
2

12




 xfor
x

x
i  and 0;
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Thus we get the proof of the statement of theorem. 

 

Theorem 2: For non-zero real number x, the imaginary unit 
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Proof: Since x is a non-zero real number, let us consider the following cases: 

Case-I: Let -i > x. Then i + x < 0 

 (i + x)2 > 0  i2 + x2 + 2ix > 0  2ix  > 1- x2  
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Case-II: Let - i < x  x + i > 0  (x + i)2 > 0  x2 + i2 + 2ix > 0  1 - x2  < 2ix 
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Thus we get the proof of the statement of theorem. 

 

From the above two theorems, we conclude the following paradox: 

First Paradox of Imaginary Unit 

For a non-zero real number x, we have 
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  for x > 0, and 
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x

x
i

2

)1( 2 
  and 

x

x
i

2

)1( 2 
  for x < 0. 

 

Two Properties of Real Numbers 

To compare real and imaginary numbers, we need some properties between a non-zero real 

number x and a real number of the particular form, as has been discussed below: 

Theorem 3: For every non-zero real number x > 0, 
x

x
x
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12 
 . 

Proof: Since 1 > - x2  1- x2 > -2x2 [Adding –x2] 
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 [Since x > 0]  x
x

x




2

12

 [Multiplying by -1] 
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Theorem 4: For every non-zero real number x < 0, x
x

x
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Proof: Since 1 > -x2 1 – x2 > -2x2  x
x

x




2

1 2

 [Since x < 0]. 

 

Relation Between Real Numbers and Imaginary Unit 

Using the statement of four theorems, we get the following properties: 

Theorem 5: The imaginary unit „i‟ is greater than every negative real number and is less than 

every positive real number. 

Proof: Let us consider two different cases: 

Case-I: We have proved that for x > 0, 
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From (2) and (3), we have 

xi                                                                  (4) 

From (1) and (3), we have 
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Case-II: Also we have proved that for x < 0 
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From (6) and (7) we have 
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Since x < 0, putting x = -y for y > 0, we get 

yi                                                                  (9) 

From (7) and (8) we have 
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Since x < 0, putting x = -y for y > 0, we get 

yi                                                                  (10) 

From (4), (5), (9) and (10), we find that the imaginary unit „i‟ is greater than every negative real 

number and is less than every positive real number.  
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Note: Since xi   and xi  . Multiplying by -1, we get xi   and xi  . Thus xi  . 

Similarly multiplying by -1, we get xi   and xi  . Thus xi  . We can show it on the 

real number line as follows: 

 

 

 

  

 

 

From above we conclude the following paradox: 

 

Second Paradox of Imaginary Unit 

The imaginary unit „±i‟ is both greater than as well as less than every non-zero real number. 

Imaginary Unit as Origin 

From the statement “the imaginary unit „i‟ is greater than every negative real number and is less 

than every positive real number” indicate  that „i‟ must be zero if we limit ourselves in the real 

number system. 

 

Whereas the statement “the imaginary unit „±i‟ is both greater than as well as less than every real 

number” indicates that the imaginary numbers don‟t lie on the real number line and they form 

another line possibly the imaginary number line and circular number line as were introduced by 

Yadav [2008, 2009]. Imaginary number line is composed of only imaginary numbers where as 

circular number line consists of both real number line and imaginary number line. On these lines, 

±i behave like origin and its possible position is just opposite to the real number zero as shown 

below: 
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                -x                       0                    +x 
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We have proved that i > - x and i < x for all non-zero real x. Taking 0x , we find that i > 0 

and i < 0. We have also proved that ± i > - x and ± i < x for all non-zero real x. Taking 0x , 

we find that ± i > 0 and ± i < 0. These also strengthen the concept of imaginary origin (±i) on 

imaginary number line.  

 

Limiting Value of Imaginary Unit Near Zero 

Using above properties, let us consider the limiting values of iota near zero. We know that 

(i) For x > 0, 
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(iii) For x < 0, 
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(iv) For x < 0, we have 
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Thus we find that the imaginary unit iota is greater than infinity (+∞) and is less than minus 

infinity (-∞). 

 

Note: Multiplying both by (-1), we find that  i  and  i . Thus 

 i  and  i . 

 

Form this we conclude the following paradoxes. 

 

Third Paradox of Imaginary Unit 

The imaginary unit iota is both positive as well as negative.  

 

Fourth Paradox of Imaginary Unit 

The imaginary unit „±i‟ lie beyond the real numbers.  

 

Note: The third and fourth paradoxes strengthen the possibility that „± i‟ behaves like origin 

(middle point) on imaginary number line, as zero behaves as a origin (middle point) on real 

number line. 

 

Limiting Value of Imaginary Unit Near Infinity 

Similarly as above, we know that  
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(ii) For x < 0, 
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The above two properties (i) and (ii) imply that 

 i . 

(iii) For x > 0, we have 
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(iv) For x < 0, we have 
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From the above two properties (iii) and (iv) we get 

 i . 

Thus we conclude that imaginary unit iota „±i‟ is greater than -∞ and is less than ∞. In other 

words we have  i  and  i . These results also strengthen the concept of imaginary 

origin „±i‟ as is discussed earlier. 

 

From above discussion we finally conclude that the imaginary unit „i‟ and „-i‟ lie beyond the real 

number line [,]   and they cannot be equal to either a finite real number or infinity. 

 

Exceptions  

Although we have proved some paradoxes, we have their exceptions as follows: 
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Case-I: If 0i , multiplying both sides by i, we get -1 > 0. 

Case-II: If 0i , multiplying both sides by i, we get -1 > 0. 

Case-III: If 0 i , multiplying both sides by - i, we get -1 > 0. 

Case-IV: If 0 i , multiplying both sides by i, we get -1 > 0. 

Therefore real number zero and imaginary unit iota cannot be compared as far as law of 

trichotomy is concerned, because in every case, it gives absurd result. It doesn‟t mean that the 

present study is absurd, but is the indication that real numbers and imaginary numbers are two 

different number systems and their comparison leads absurd results.  

 

Open Problem 

Can do we answer the following arithmetical basic operations between imaginary unit and 

infinities, i. e. 

?......i                                 ?......i                       ?...... i  

?...... i                          ?.......  i                     ?......



i

 

 

Conclusion 

From the above discussion we finally get the following paradoxes of imaginary unit: 

(i). 1i  and 1i . 

(ii). 
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(iii) 
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i . 

(iv) xi   and xi   for real x > 0. 

(v) xi   and xi   for real x > 0. 

(vi) xi   and xi   for real x > 0. 

(vii) 0i  and 0i . 

(viii) 0 i  and 0 i . 

(ix) 0 i  and 0 i  for real x > 0. 

(x) i  and i . 

(xi) i  and i . 
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(xii)  i  and  i . 

(xiii)  i  and  i . 
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