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ABSTRACT
The purpose of this paper is to establish a common fixed point theorems in fuzzy

metric space using the concept of weak compatible mappings for four self-mapping and
generalizing the result of Sharma et. al.[8]. We also cite an example in support of ourresult.
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INTRODUCTION

The concept of fuzzy set was introduced by Zadeh (1965) [12] as a new way to
represent vagueness in everyday life. A large number of renowned Mathematicians worked
with fuzzy sets in different branches of Mathematics. One such is the Fuzzy Metric Space.
In this paper we use the concept of fuzzy metric space introduced by Kramosil and Michalek
[4] and modified by George and Veeramani [1] with the help of t-norm. Grabiec [5]
obtained the fuzzy version of Banach contraction principle, which is a milestone in
developing fixed point theory in fuzzy metric space. In the sequel, Vasuki [7] introduced the
concept of R-weakly commuting in fuzzy metric space and proved the common fixed point
theorem. The concept of compatibility was generalized by Jungck [3] .The concept of
compatibility in fuzzy metric space was proposed by Mishra et. al., [6]. In 1996 Jungck
again generalized the notion of compatible mapping by introducing weak mapping [2]. In
2005, Singh and Jain [10] introduced the concept of semi-compatible mappings and proved
the common fixed point theorem for four self-mapping in fuzzy metric space. That was
generalization of Vasuki[7].

In 2012,Sharma et. al., [8] also generalized the result for three commuting mappings instead
of two mapping, given by Vasuki [7].

In this paper we generalize the result for four weak compatible mappings instead of three
mapping, given by Sharma et. al., [8]. Our result is also a generalization of Singh and Jain
[10].
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1. PRELIMINARIES

Definition 2.1. [12] Let X be any set. A fuzzy set A in X is a function with domain in X and values in [0, 1].
Definition 2.2. [6] Abinaryoperation « [0'T] » [0'T] = [0’ 7]ed a continuous t-norm if it satisfies the
followingconditions:

(i)# is associative andcommutative,

(iiy iscontinuous,

(iii) al=a, forall aj0,1],

(iv) 4 b<c¢* d, whenevera<candb<dforalla,b,d][0,1].

Examples of t-normsare
& b = min {a, b} (minimum

f"-norm), a b =ab (productt-

norm).

Definition2.3. [1] The 3-tuple (X, #,+)is called a fuzzy metric space if X is anarbitraryset,
- is acontinuous t- norm and M is a fuzzy set on X?x (0, «) satisfying the
followingconditions:

(FM-1) M(x, y, t) >0,

(FM-2) M(x, y, t) = 1 if and only

ifx=y, (FM-3) M(x,y, t) =

M(y, X, 1),

(FM-4) M(X, VM (y, z, s)< M(X, z, t +s),

(FM-5) M(x, y, .) : (0, 00) —[0, 1] is continuous,

forall x, yFz X and t, s > 0.

Let(X,d)beametricspaceandleta « & = ahora = & = min {=, &jforallab = [0,1].

t
M(X,y, t)=———— :forall x, y X andt > 0.
t+d(x,y)

Then {X, M ,x)is a fuzzy metric space, and this fuzzy metric M induced by d is called the
standard fuzzy metric [1].

Definition2.4.[6] Asequence{x, Jinafuzzymetricspace {X,M,=jissaidtobeconvergenttoapoint
x =X jflim, .. Mz, % ) =1forall t >0.
Further, the sequence {x,Jis said to be Cauchyif

lim,, ... M{x,.,%x.... £} =Lforallt>0and p >0.
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The space (X, ,#)is said to be complete if every Cauchy sequence in X is convergent in X.

Lemma 2.5. [5] Let {X, ¥, %)be a fuzzy metric space. Then M is non-decreasing foralx, v € X.

Lemma2.6.[6]Let{X, ¥ «)beafuzzymetricspace. ThenMisacontinuous functioneh ¥, e,
Throughoutthispaperi_ ¥, %= willdenotethefuzzy metricspacewiththefollowingcondition:
(FM-6) lim e Mix, 3, £3 =for all x,v = ¥and t >0.

Definition 2.7. [7] Two mappingsfandgof a fuzzy metric space (X, +jinto itself are

M{fox, gfx,£) = M{fx,gx,t} foreachxinX.
said to be weakly commutingif

Definition2.8.[8] Twomappingsand ofafuzzymetricspace{X M «)into

itselfaresaid to be R-weakly commutingif

3 .
f-?.:‘l forall x in X|

~
~

M{fgx, gf%.t) = M| Fx, 0%,
Remark: R-weakly commutativity implies weak commutativity only whenR< 1.

Definition 2.9. [9] Letfaad be self-mappings on a fuzzy metric space {X,# ). The pair

(. gJis said to compatibleif

M, M Fox,. , fx, . tiforall t >0,

Whenever(x..] is a sequence in Xsuchthat lim.... fx. = lim,_.. gx. =for some z £ X,

Definition 2.10.[11]Letfan®l be self-mappings on a fuzzy metric space {X,M,#). Then the
mappings are said to be weakly compatible if they commute at their coincidencepoint,
thatis, Fx = gximplies fgx = gfx.

It is known that a pair of {f,gJcompatible maps is weakly compatible but converse is not true
ingeneral.

Definition 2.11. [10]A pair (A, B) of self maps of a fuzzy metric space (X, M, *) is said to
be semi-compatib%"“’if:im,__m AB x . =whenever{x_jisasequence inX suchthat

lim AX, = lim Bx,= Xx.
n—w  n—ow

It follows that if (A,B) is semi-compatible and Ax = Bx then ABx = BAX that means every
semi-compatible pair of self-maps is weak compatible but the converse is not true in
general.

In 2012,Sharma et.al.[8]proved the following result:
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Theorem 2.12. Let f, gand 2 be three self-mappings on a_fuzzy metric space {X, M, =)satisfying following

(2.11.1) & (2.11.2) conditions. Suppose that & is continuous and pairs (/,#) & (g, h)are R-weakly commuting

an ¥V Than £ 2 and Wawva o nniana samman fivad aaint in ¥
(2.12.1) (XD n g(X) © h{X).

(2.12.2) M{fx, gy, £) = riM{hx, by, £} forall x,yin X
Wherer : [0,1] —[0,1] is a continuous function such that r(t) >t for each 0 <t <I.

3. MAIN RESULT

Our result generalizes the results of Sharma et.al.[8] as we are using the concept of weak
compatibility, which are lighter conditions than R-weakly commuting, compatibility and
semi compatibility. We are proving the result for four self-mapings in a fuzzy metric space
such that only one weak compatible pair issufficient.

Theorem 3.1: Let {X,M,)be a complete fuzzy metric space and let 7,2, 4.and be mappings
from X into itself such that the following conditions aresatisfied

(3.1.1) P{x) m@{x) = AB{(X),
(3.1.2) (P,AB) or(Q, ABJisweak-compatible,

(3.1.3) 4B = B4, PE =BP.

(3.1.4)Forevery x, v in X and ¢ =0,

M{Px, v, t) = rM{ABx, ABy, 1)

Where r: [0,1] —[0,1] is a continuous function such that r (t) >t

foreach0O<t<1.

Then £, 4and Bhave a unique common fixed point inX.

Proof. Lt be an arbitrary point inX.

According to (3.1.1), there existssomé&pointsx ; £ X

suchthat
Py ' AEEJ = 3".3andQ£1= AB}J: =¥

We canconstruct sequeriges anB] in X suchthat

¥ow = Prop = ABxppqond ¥ope1= 9% 2peq = ABx,,. ofor n=0,1,2,

Now, we first show that {y,} is a Cauchy
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sequence in X.

Using condition (3.1.4)

M{}"z.u #1, ¥am, i} = M{PX 2, @Xopsq, T ]
M{¥2031Y 2 ) = TM{AB X2y, ABXzns 1,1,
= rMYn—1Yza )

M{B':x—l Viom, IJ = M{}-E::—L}-ﬂ::_ EJ ----- @

Similarl¥yzesa¥enrs £) = Miyanyaney £) - (10

From (i) and (ii)

Therefot®?(¥.s1 ¥ £)] is an increasing sequence of positive real numbers in [0, 1] and

tends to limit I<1. Now we prove that 1 =1.

Mi v ¥ £ =1 MiF,, yq-1.8)
Let we suppose that I<1then{,=";r 50 9 Ve Yas1 .

On taking n we get

limy, o M{Fn—liyn_ ,t) = rlimg ., My, ¥o-1 ,th

Now for any positive integer p,
M{.,)‘rnl.,)‘rn—p Jt:l:i M{.,)"-m.,fn—:l ! t«"f:':'::' * M{.,)"—n—:li Yat+z Jt;:':'::' Hos v M{:&rn—[:l—:l! Yorp Jt;:':'}'-
Hence, thesubsequences{P X zu}, {@x2,.511}{AB }and{4B{x...-1} also convergetoz.

lImPx,, = limQx,..q= limAFx .. = lim ABx,, .o ==z,
70— = an = = LS = W0

Xizm Xame1
Case (1) When {(P,ABjis weak compatiblemappings,

lim Pxro, ==z and lim ABx5,:4 ==,
e B

Thenthereexistu £ Xsuchthat4 Bzz2=.
Step(l)Puttimtg=2 and ¥ =xz.24in condition[3.1.4]
MUPu, Q%o :4, 5 = rM{ABu 48x. . 4,5}
M{Pu, QXg041.L) = M2, ABXgp44,1)
Let n and using above result we get

MiPu =zt =rMizz t =Mz, z, 1)
MiPu =)= 1lasn =

Pu=2z=

Pu =48u = =
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This result so that ‘u’ is coincident point of X such that PuZ= ABu =
Pu=ABu=z and (F.4Byeak compatiblemappings

PABu = ABPu
Afu=z = PABu = Pz

Pu=z > ABPu=48~

Pz = ABz ... (iii)

Puttingt == andy = x3,:4n[3.1.4]

M Pz, Qxppeqnt) = rM{ABz ABx 0 1.5}

M{Pz, Qxgu41,t) = rM{PzZ, ABXgpsy, 1)
Letting n 7 [ [ [1 and using above result we get

Mi{Pz 2 ¢} =rMPz 2 §).

= M{Pz,z, t) = M{Pz, z twhich is contradiction
Hence,Pz = =
Using (iii)wege Bz = Pz =z. .. (iv)
Now again puttingx = x5, andy = zin[3.1.4]

M{Px 3, Q2,8) = rM{ABx;, ABz,1)

MiPxa,, Q2,8 = rM{ABx,, =)

Letting n () (1 [ [ and using above result we get

Miz Qz,t) = rMiz,z, £}
> M{z,z,t)

Pz=z. ..V

Pz =@z =z = ABzsince (iii), (iv) and(v)
Case (2). When (3, AB] is weak compatiblemappings,
liM g sn PXoes1 = 2 and ii_r.rloc ABx,, = z Thenthere exist ¥ € X such that ABv = z.

Putting x = x,,and 3 = v in condition [3.1.4]|

M{Px24,Qv,) = rM{ABx,, ABw, 1)

MiPxo., Qv ) = rM{ABx.,, =, £}
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Letting n and using above result we get
M{z, Qv,i} = rMi{z 2L}

M{z,Qv,t) = 1)
Qv=z
Qv =ABv ==z

"v"is a coincident point of X such that Qv = ABv =2

Now, Qv = ABv = z and (@, AB] weak compatible mappings.
QABv = ABQu

ABv =z = QABv=Qz

Ov =z > ABFOv=A4Bz

Qz = ABz.........(vi)

Now again putting ¥ = X2 QRAY =2in[3.1.4]
M{Px2,.,Q2,8) = rM{ABx.,, ABz,t)

M{Px2u,Q2,8} = rM{ABx,,,Q2z,1) since (vi)

Letting n— ozand using above result we get
Mz Qzt) = rM{z,Q2,5)
M{z, Qzt) > M{z, Qz,t), which is contradiction

Hence Qz = z.
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Qz=ABz=z

Putting x =z andy = X2,311n[3.1.4]
M{Pz, Qx2pi1,8) = T M{ABZ,ABX2es1,L)
M{Pz, Qx3p21,t) = rM{z, ABxp54,1).
Letting % — &oand using above result we get

,£)
= M{Pz,z,t) > r{1), which is contradiction

by

M{Pz,z 1) 2rM{z,

Hence, Pz=2 Pz=Qz=z=ABz
Now, according to case (1) and case (2) we getPz = Qz =z = ABz.....(vii)

Putting X andy = Xapz1

M{PBz,0%2.:4,L} 2 rM{AB(B2),ABx2,51,5}
[3.1.4]

M{BPZJ QIMi.JJ :f_}E r’M{BﬂEz,ﬂBxEmH ,:lf_;', SInCE (313)
MUB2,Q%2neq, 1) 2 rMiB2, ABx2p.1.8),Since(vii)

Letting = =@ and using above result weget
M{Bz,z,t) = rM{Bz = t).
Bz =z
Bz=zandABz ==z
Az ==z
Thus, Pz =Qz=Hz=Bz=2=z

2’ is a common fixed point of mapping £, @, fand B.

Uniqueness:

Let ‘w’ be another common fixed point of PFQ, Aand.
Then Pz =3z = Az = Bz =&nd Pw=0w =Aw=Bw=w.
Puttingx = z and ¥y =in[3.1.4]
MiPz, Qw, ) = rM{ABz,ABw,t)
Mz w6 = rM{Az Aw, 1)
Mz wet) = riM{z,w, 1)

Z =W,
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Therefore ‘z’ is unique common fixed pointof?, &, 4and A mappingsof

Remark 3.2. If we take B = | (identity mapping)in theorem 3.1 then the condition (3.1.3)
is satisfied trivially and we get the followingresult.

Corollary 3.3: Let 7, Zand Abe self-mappings of complete fuzzy metric

space (X, M,). Suppose that the following conditions aresatisfied:

(3.1.1) PLX) NQLX) © ALX),

(3.1.2) Pair (P,A) ori{Q,AJis

weakcompatible,(3.1.3)

Forevery x,y inX gnd £ >0

M{Px, Qv, £) = rMidx, 4y, £).

Where r: [0,1] —[0,1] is a continuous function such that r (t) >t for each 0 <t < 1.

Then?, @and# have a unique common fixed point in X.

Example 3.4: Let X = [0, 3]and (X, d) be a metric space where metric %X, 3} = |x —¥]
Definec * & = .8 a,b € [0,1] and M fuzzy set on X* x {0, oz}such that

lx — ¥l

M(x,y,i) = ———
\’.ﬂ }J 7 t+|_x—}"|
We take three functions f, g, & i [0,3] = [0, 3] define as follow:

B x xe[D, 1}} s o o gy g {3—x X E [0,1)}
%) = ix3=3f X €D ! =
f =l Lo e =3foraixe03] wd w0 = Frovpe

Then f{X3} = [0,1) U {3} g{X) = {3} and{X} = {2,3]
Therefore, f{X) N g{X) € W{X)

When x € [0,1] F{x} =x and&ix} =3 —-x

Frtx) = A3 —x) =3and RfFx) =Ri{x}) =3 —x

[x = {3 = x}] _ 12x-3j
E+|x—i(3—x) t+|2x-—3|
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M{fhx, hfx,£) =
: 1
When putting x =~ £ [0,1]

1> E
uf 1 1 (). ¢)= ..,

\_.v‘

C Ty g 2 :
. ‘f ‘\2) : R ‘2:I ! t"f?-,?,l - .{':.‘:' 2} +2 = m
And
i\ '- 172 1
w(f" ‘2) v 9 < ) ) Tor+12 0 2t +1

Hence, we getM {£{ ), #{]}, £/2) > M{rn(1/2), hr(1/2) 9.

SO thatM{ Fi,f (x},5/23M{fx,hx,t}, is not satisfiedforall ‘e [0,1].
Hence,i 7, ihis not R-Weakly commuting mapping butif, &lis
weakcompatible mapping.%ecause Fxd= Alxh when 21, 3]

Then there exist a coincidentpointmn [0, 3lsuchthat Faix izl when x[1,5]
f, ) is commuting at coincident points.

Similarlyd{g, His also weak compatible gix}= aix} wien x[1,3]

gix) = wix} = ghix) = hgix) when x £[1,3]

§(3} = #(3} =3 = gh{3} = hg(3)|

Then exist a common unique fixed point 3 in X such that /% (3} =g(3} = K31 =3

Remark:

Example (3.3) shows that f,&3is not R-Weakly commuting mapping but there exist a
unique common due to the weak compatibility. Every R-Weakly commuting mapping is

weak compatible but converse is nottrue.

CONCLUSION

This paper is generalization of the result of Sharma et.al. [8] in the sense of replace R-
Weakly commuting to weakly compatible (owc) to prove a theorem on common fixed
point theorems for fourself mappings in complete fuzzy metricsspace.
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