International Research Journal of Natural and Applied Sciences
ISSN: (2349-4077)
Impact Factor 5.46 Volume 5, Issue 11, November 2018

Website- wwwe.aarf.asia, Email : editor@aarf.asia , editoraarf@gmail.com

FUZZY FIELDS AND FUZZY LINEAR SPACES
Dr. Jyotika Sinha

Teacher(Mathematics)
+2 ].L.M High School, Kujapi Gaya

Abstract: This paper deals with the Fuzzy Fields and Fuzzy Linear Spaces.
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Introduction:The concept of fuzzy sets and fuzzy set operations was first
introduced by Zadehand subsequently several authors including
Zadeh have discussed various aspects of the theory and application of
fuzzy sets such as a fuzzy topological spaces, similarity relations and
fuzzy orderings, algebraic properties of fuzzy sets, fuzzy measures,
probability measures of fuzzy events, fuzzy mathematical
programming, fuzzy dynamic programming and decision making on a
fuzzy environment. Fuzzy groups were introduced by Rosenfeld and
subsequently discussed by Anthony and Sherwood, Osman and Wu.
Fuzzy rings and fuzzy ideals have been studied by Liu. Here we study

the concepts of fuzzy fields and fuzzy linear spaces.

Preliminaries :
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Let X be a set and let L be a lattice. In particular L could be the closed
interval [0,1]. A fuzzy set A in X is characterised by a membership function
up : X = L, which associates with

eachpoint x€ X its ‘grade or degree of membership’ uy(x)€ L. We first quote
some definitions which will be needed in the sequel.

Definition Let A and B be fuzzy set in X. Then

A=Bif up (x) =ppg (%) for all x € X,
A c Bif Hp (X) <pg (%) for all x € X,
C =AuB if e (®) = max {pp (%), pg (%)} for all x € X,

D = AnB if up (%) =min {pa (), pg (x)} for all x € X,

More generally, if L is a complete lattice, then for a family of

A = {A; : j € J}, the union, C = UjeJ A;, and the intersection, D=njeJ A
defined by
_Ssup _inf
He(x) = Halx), pp(x) = el pa(x),xe X.

We denote by K the fuzzy set in X with membership function pK(X) =

c for xeX. The fuzzy sets K| and K respectively correspond to the set X and

empty set 6 .

Definition: Let f be a mapping from a set X into a set Y. Let B be a fuzzy in
Y, with membership functionuB. Then the inverse image of B, f1[B], is fuzzy

set in X with membership function defined by

uf'[B](x)=ps(f(x)) for all x€ X

Let A be a fuzzy set in X with membership function py.Then the image

A, f[A], is the fuzzy set in Y with membership function defined by
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sup pa(z)if f(y) = @
uear(y)={ ZEf
0

Otherwise,

for all ye Y, Where {1 (y) = {x : f (x) =y}
Definition:
Let X be a group and G a fuzzy set in X with membership function pg.
The G is a fuzzy group in X if the following conditions are satisfied:
()  ng ®y) > min {ug () (y)} for all x, y € X.
(i) wg &) >ug () forall xeX
Definition:

Let X be a ring and R a fuzzy set in X with membership function pp .
Then R is a fuzzy ring in X iff the following conditions are satisfied :

() ug (x+y) > min fug (x), pR(y)} for all x, y  X.

() ug (%) >pg ¥ forall  xeX,

(iti) g (xy) > min fug (x), pR(y)} for all x, y € X.
Fuzzy fields and fuzzy linear spaces:

We now introduce the concepts of fuzzy fields and fuzzy linear spaces.
Definition:

Let X be a field and F a fuzzy set in X with membership function ug.

Then F is a fuzzy field in X if the following conditions are satisfied:

() up (x+y) > min fup (), uply)} for all x, y € X.
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() up (X >pp ) forall  xeX,

(iii)  pp (Xy) > min {up (%), pp(y)} for all x, y € X.

(iv) pp 1) >pp (x) for all 0% x € X,
(v)  wp©)=1,pp(1)=1.

Definition:
Let X be a field and F a fuzzy field in X with membership function pg.

Let Y be a linear space over F and V a fuzzy subset of Y with

membership function py;. Then V is a fuzzy linear space in Y if the
following properties hold:
() wy (xty) > min fuy @), py () for all x, y € X,

(i) py (Ax) > min {ug (A), py (v)} for all Le F and all xeY.
(iii)  py (0) = 1.

If F is an ordinary field (in particular if F=X), then the condition (ii)

above will be replaced by the following axiom:

(iv)  py Ax) >py (%) for all A in F or X and all x € Y.

Proposition: F is a fuzzy field in X if
() pp (x-y) 2 min fup (), up ()} forall x € Y,

(i) UR (xy'l) > min {up (X), pup (v)} for all xeX, O#y €Y.

Proposition:
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Let X and Y be fields and f a homomorphism from X into Y. Let F be a

fuzzy field in Y. Then the inverse image f'! (F) of F is a fuzzy field in X.
Proof. For all x, y € X,

wf IR (x-y)=pe(F(x-y))=pee(F(x)-F(y))

> Min {up(fx), ppfly));-

Min { pf'[F1(x), uf '[F1(y)}
Similarly it can be shown that for all xeX, 0 #y € Y,

uFLFI(xy )= Min { pf*[F1(x), uf (F1(y)}.

This completes the proof.

For images, we need the following property [8]. A fuzzy set A in

X is said to have the sup property, if for any subset T c X, there exists

tO eT such that }.LA (to) = supteTuA(t)

Let X and Y be fields and homomorphism of X into Y. Let F be a fuzzy field in

X that has the sup property. Then the image {[F] of F is a fuzzy field in Y.
Proof:

Let u,veY. If either fl(u) or fl(v) is empty, then the inequality in

proposition above is trivially satisfied. Suppose neither f-1(u) nor f1(v)

is empty. Let r ¢ f-l(u), SO e f'l(o) be such that
€ €

up (10) = ¢ ¢ ¢ — L(Wug(t), and
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sup
hp (50) = ¢ ¢ f = LOMR(
Then

sup
hR) 0V = € £ = 1 (0) pp(w)

RY,

Min {up(rg), ur(sg)

Min {“f[F] (u), MF[F] (v)}

Similarly it can be shown that for x €Y and O#ve Y,

Mf[F](U-U_l) > Min {ugg) (), ppg ()
This completes the proof.
If F is a fuzzy field in a field X, then pp(-x) = pg (x) for all x € X

Also uF(X'l) = pp (x) for all 0 # x € F.

V is a fuzzy linear space in Y (over a fuzzy field F in X) if.

Hy(Ax + py) > min {py(x), py(y); for all x,y F.

If L is a complete lattice, then the intersection of a family of fuzzy linear

spaces is a fuzzy linear space.

Proof.

Let {V;;j J} be a family of fuzzy linear spaces and

let V = an Vi' Then

nf

i
uAx-y) = el Uu(x+y)
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iig [min {uy, (x),0y;(y)i]

inf inf
jeJ H”(X)’jg] Ayl

v

= min |

= min [uv(x),uv (y)]

And,

_inf
uV(/lx) - ]8] .uvi(/lx);

_ z’g [minfue(2), woi(x)}]

inf

jeJ Ho(X)]

= min[¢(4),

min [ur(4), peix)]
This completes the proof.

Let Y and Z be linear spaces over a fuzzy field F in a field X and f a linear
transformation of Y into Z. Let W be a fuzzy linear space in Z. Then

the inverse image f"1[W] of W is a fuzzy linear space in Y.
Proof. For all x,ye Y,

uf IWI(Ax + py)=pw(f(Ax + py))
pw[Af (x) — uf ()]
min {min{ug(A), pyy (%))}, min upw), ()5

> min {min{ pp(A), (x)}, min {ufw] ()3

Let Y and Z be linear spaces over a fuzzy field F in a field X and f a linear
transformation of Y into Z. Let V be a fuzzy linear space in Y that has the
sup property.

Then the image {[V] of V is a fuzzy linear space in Z.

Proof :
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Let u, ve W. If either f! (u) of fl(v) is empty then the inequality of
Proposition is satisfied. Suppose neither f1(u) not f1(v) is empty. Then

sup
uflv] (Au + pv) “wef (Au + lw)llV(W)

> min {minipp(d), i) (W min ), pepy) (0)5-
This completes the proof.

If V is a fuzzy linear space in a linear space Y over an ordinary field F in X,
then p/(Ax) = p,, (x) forallx YandallO A X.

Proof :
For all x € Y we have p/(Ax) >p, (x). For 0 #A € F and all =y, (x) for O

#A= X and all x € Y we have
by (%) =y 71 %) 2ug ()

Hence p,, (x) = py (x) for all 0 #A€ X and all x€Y. this completes the
proof.

Conclusions :The concept of topological group has been applied to the
theory of fuzzy sets by Foster by introducing the notion of fuzzy topological
groups. In this paper the concept of fuzzy linear spaces has been introduced
and it is expected that several results from Linear Algebra and Functional
Analysis can be extended to the concept of Fuzzy sets. Particularly, it is
hoped that, in a natural way, the concept of fuzzy linear spaces will give rise
to the notions like fuzzy linear topological spaces and fuzzy normed linear
spaces.The concepts of fuzzy vector spaces and fuzzy topological vector
spaces have been discussed in Katsaras and Liu.But it may be noted that

our definitions are different from those introduced ahead.
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