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Abstract: 

Banach contraction principle in gives appropriate and simple conditions to establish the 

existence and uniqueness of a solution of an operator equation 𝑇𝑥 = 𝑥. Later, a number of 

papers were devoted to the improvement and generalization of that result. Most of these results 

deal with the generalizations of the different contractive conditions in metric spaces. The aim 

of this paper is to prove the existence and uniqueness of a common fixed point for a pair of 

mappings satisfying occasionally weakly compatible maps in complex valued metric space 

using implicit relations. The obtained results generalize and extend some of the well-known 

results in the literature. 

Keywords: Complex metric space, weakly compatible, occasionally weakly compatible, 

implicit relation. 

Introduction:  

Azam et al.[1] introduced the notion of complex valued metric spaces and established some 

fixed point results for a pair of mappings for contraction condition satisfying a rational 

expression. Though complex valued metric spaces from a special class of cone metric space, 

yet this idea is intended to define rational expressions which are not meaningful in cone metric 

spaces and thus many results of analysis cannot be generalized to cone metric spaces. Indeed 

the definition of a cone metric space banks on the underlying Banach space which is not a 

division ring.  However, in complex valued metric spaces, one can study improvements of a 

host of result of analysis involving division. One can refer related results in [3, 7]. Jungck 

generalized the concept of weak commuting mapping given by Sessa [12], by introducing the 

concept of compatible mapping in different. Many authors [2, 5, 6] proved fixed point theorems 

for compatible mappings in different types.  

            In this paper, we introduced some new common fixed point theorems for generalized 

contractive maps in complex-valued metric space by using these new properties. 
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          For the sake of completeness, we recall some definitions and known results in complex 

valued metric space. 

BASIC DEFINATIONS AND PRELIMINARIES 

           An ordinary metric d is a real- valued function from a set 𝑋 × 𝑋 into R. where 𝑋 is a 

non-empty set. That is 𝜌 ∶ 𝑋 × 𝑋 → 𝑅. A Complex number 𝑧  ∈ 𝐶 is an ordered pair of real 

number, whose first co-ordinate is called, Re(z) and second co-ordinate is Im(z). Thus a 

complex- valued metric d would be a function from a set 𝑋 × 𝑋 into C, where 𝑋 is a non-empty 

set and C is the set of complex number. That is 𝜌: 𝑋 × 𝑋 → 𝑅.  

Suppose ℂ be the set of complex numbers throughout this section and z1, z2∈C, recall a natural 

partial order relation≼ on C as follows:  𝑧1 ≼ 𝑧2if and only if Re(z1) ≤ Re(z2) and Im(z1) ≤ 

Im(z2),Consequently, one can infer that 𝑧1 ≼ 𝑧2if one of the following conditions is satisfied: 

(i) Re(z1) = Re(z2), Im(z1) < (z2) 

(ii) Re(z1) < Re(z2), Im(z1) = (z2) 

(iii) Re(z1) < Re(z2), Im(z1) < (z2) 

(iv) Re(z1) = Re(z2), Im(z1) = (z2) 

    In particular, we write 𝑧1 not ≼ 𝑧2 if  𝑧1 ≠ 𝑧2 and one of (i), (ii), and (iii) is satisfied and we 

write 𝑧1 ≺ 𝑧2 if only (iii) is satisfied. Notice that  0≼ 𝑧1 not ≼ 𝑧2 ⇒ |𝑧1| < |𝑧2|, and 𝑧1 ≼

𝑧2,𝑧2 ≺ 𝑧3 ⇒ 𝑧1 ≺ 𝑧3. 

Definition 2.1. [1]. Let X be a nonempty set, whereas ℂ be the set of complex numbers. 

Suppose that the mapping d:X×X→ ℂ  satisfies thefollowing conditions: 

(C1) 0 ≼ 𝜌(𝑥, 𝑦) for all x,y ∈X and ρ(x,y) = 0 if and only if 𝑥 =  𝑦; 

(C2) 𝜌(𝑥, 𝑦) = 𝜌(𝑦, 𝑥) for all x, y ∈ X; 

(C3) 𝜌(x,y)≼𝜌(x,z)+ 𝜌(z,y) for all x,y,z ∈ X. 

Then 𝜌 is called a complex – valued metric on X, and (X,𝜌) is called a complex- valued metric 

space. 

Example 2.1. Define complex valued metric  𝜌: 𝑋 × 𝑋 → 𝐶 by  𝜌(z1 ,z2 ) = e3i|z1, z2|.Then 

(X, 𝜌) is a complex valued metric space. 

Definition 2.2.[1]Let (X, 𝜌) be a complex valued metric space and   B ⊆ X. 

            (i) b ∈B is called an interior point of a set B whenever there is 0 ≺ r ∈ ℂ such that     

N(b, r) ⊆B,where N(b, r) ={y ∈X: 𝜌(b, y) ≺ r }. 

            (ii) A point x ∈X is called a limit point of B whenever for every 0 ≺ r ∈ ℂ,               N(x, 

r) ∩ (B \ {X}) ≠∅. 
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           (iii) A subset A ⊆ X is called open whenever each element of A is an interior point of 

A whereas a subset B⊆ X is called closed whenever each limit point of B belongs to B. The 

family F = {N(x, r): x∈ 𝑋,0 ≺ r} is a sub-basis for a topology on X. We denote this complex 

topology by 𝜏𝐶. Indeed, thetopology 𝜏𝐶  is Hausdorff. 

Definition 2.3.[1]Let (X, d) complex- valued metric space and x∈ X. Then sequence {𝑥𝑛} in 

X is  

(i) Convergent if {𝑥𝑛} converges to x and x is the limit point of {𝑥𝑛}, if for 

every 0≺ 𝑐 ∈ C, there is a natural number N such that                    𝜌(xn,x) ≺

c, for all n > N.We denote it by  𝑙𝑖𝑚𝑛→∞ 𝑥𝑛  =  𝑥. 

(ii) a Cauchy sequence, if for every c ∈ C, with 0 ≺ c there is a natural number 

N such that  𝜌(xn, xm) ≺c, for all n, m > N. 

(iii) The metric space (𝑋, 𝜌) is a complete complex valued metric space if every 

Cauchy sequence is convergent. 

         In a metric space, every convergent sequence is a Cauchy sequence but the converse is 

not true. For instance, Euclidean n-space with the Euclidean distance is complete metric space 

where as the set of rational numbers with metric  𝜌(x,y) = |𝑥 − 𝑦| is not a complete metric 

space. 

         In 1968, Jungck [8] defined the concept of compatible mappings which is more general 

than that of commuting and weakly commuting mappings. 

Definition 2..4.[9]A pair (f, g) of self-mappings of a metric space (X, 𝜌) into itself, is called 

compatible mapping if  𝑙𝑖𝑚𝑛→∞𝜌(𝑓𝑔𝑥𝑛, 𝑔𝑓𝑥𝑛) = 0) whenever {𝑥𝑛} is a sequence in X such 

that  𝑙𝑖𝑚𝑛→∞𝑓𝑥𝑛 = 𝑙𝑖𝑚𝑛→∞𝑔𝑥𝑛 = 𝑧 for some z∈X. 

Example 2.2 Let X = [0, ∞) be endowed with usual metric d and 𝑓, 𝑔 ∶  𝑋 → 𝑋 such that          

𝑓𝑥 =  𝑥3 and 𝑔𝑥 =  2𝑥3. Then 𝑓𝑔𝑥 ≠  𝑔𝑓𝑥. So, f and g are not commuting on X and                     

|𝑓𝑔𝑥 −  𝑔𝑓𝑥|  > |𝑓𝑥 −  𝑔𝑥|. Therefore, 𝑓 and 𝑔 are not weakly commuting on 𝑋. Also, for 

any sequence {𝑥𝑛} in 𝑋 such that 𝑙𝑖𝑚𝑛→∞𝑓𝑥𝑛 = 𝑙𝑖𝑚𝑛→∞𝑔𝑥𝑛 = 𝑢 ∈ 𝑋 then                            

𝑙𝑖𝑚𝑛→∞ 𝜌(𝑓𝑔𝑥𝑛, 𝑔𝑓𝑥𝑛)  = 𝑙𝑖𝑚𝑛→∞|𝑓𝑔𝑥𝑛  −  𝑔𝑓𝑥𝑛|  =  0.Therfore, f and g are compatible. 

        In 1998, Jungck and Rhoades [10] introduced the notion of weakly compatible mappings 

which is more general than that of compatibility as follows: 

Definition 2.5.[10]A pair (f, g) of self-mappings of a metric space (X, 𝜌) into itself, is  called 

weakly compatible mapping if they commute at all of their coincidence point i.e. fx = gx for 
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some x ∈X implies fgx = gfx. Also, compatible mapping are weakly compatible but converse 

is not .true. 

Example 2.3. Define complex –valued metric𝜌: X×X→C by such that  𝜌 (z1, z2) =eia|z1-z2| 

where a is any real constant. Then(X,𝜌) is a complex valued metric space .Suppose self-maps 

A and S   be defined as: 

Az =2𝑒𝑖𝜋/4 if Re(z) ≠ 0,  Az = 3𝑒𝑖𝜋/3 if Re(z) = 0, and    

Sz = 2𝑒𝑖𝜋/4  if Re(z) ≠ 0, Sz= 4𝑒𝑖𝜋/3  if Re(z)=0, 

Then maps A and S are weakly compatible at all z ∈ C with Re (z) ≠0. 

In 2008, Al Thagafi and Shahzad [2] introduced the concept of occasionally weakly compatible 

(owc) mappings which is a proper generalization of weakly compatible mappings.  

Definition 2.6.[2].Two self mappings f and g of a complex –valued metric space (X,𝜌) are said 

to be occasionally weakly compatible (owc) if there is a point x in X which is a coincidence 

point of f and g at which f and g commute. 

Example 2.4. Let X= [0,∞) with usual metric . define f,g:X→X by fx = 2x and gx = x2, for all 

x ∈ X. Then fx = gx at x=0, 2 but fg (0) = gf(0) and fg(2) ≠ gf(2). Therefore, mappings f and g 

are occasionally weakly compatible but not weakly compatible. 

Definition 2.7.[11]A pair (f, g) of self – mappings of a metric space (X, 𝜌) is said to be satisfy 

property (E.A), if here exists a sequence {xn} in X such that limn→∞fxn= limn→∞gxn= z for some 

z ∈ X. 

Example 2.5.Let X=[0,∞).Define f,g:X→X by fx=
2𝑥

4
 and gx= 

5𝑥

4
 , for all x ∈ X. Consider the 

sequence {xn} = 
2

𝑛
  clearly, limn→∞ fxn = limn→∞gxn= 0 ∈X. Then f and g satisfy property (E.A). 

Example 2.6. Let X = C and d be any complex valued metric .Define self maps A and S by Az 

=1-z and Sz = 1+z, for all z∈ X. Consider a sequence in X as {xn} = {1/n} where n =1, 2, 3,  

… then limn→∞Axn= limn→∞Sxn= 0.  

Hence the pair (A, S) satisfies property (E.A) for the sequences {xn} in X. 

Definition 2.8.[11].Two pairs of self-maps (A, S) and (B, T) on a complex valued metric space 

(X,𝜌) Satisfies common property (E.A) if there exists two sequences {xn} and {yn} in X such 

that  

limn→∞Axn= limn→∞Sxn= limn→∞Tyn = limn→∞Byn= p for some p ∈ X. 

Definition 2.1.9.[11].Two finite families of self maps {𝐴𝑖}𝑖=1
𝑚  and {𝐵𝑗}

𝑗=1

𝑚
 on a set X are pair 

wise commuting if  
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(i) 𝐴𝑖𝐴𝑗 = 𝐴𝑗𝐴𝑖 , 𝑖, 𝑗 ∈ {1,2,3, … 𝑚}, 

(ii) 𝐵𝑖𝐵𝑗 = 𝐵𝑗𝐴𝑖 , 𝑖, 𝑗 ∈ {1,2,3, … 𝑛}, 

Implicit relations play important role in establishing of common fixed point results. 

Let 𝑀6 be the set of all continuous functions satisfying the following conditions: 

(A) ∅(𝑢, 0, 𝑢, 0,0, 𝑢) ≼ 0 ⟹ 𝑢 ≼ 0 

(B) ∅(𝑢, 0,0, 𝑢, 𝑢, 0) ≼ 0 ⟹ 𝑢 ≼ 0 

(C) ∅(𝑢, 𝑢, 0,0, 𝑢, 𝑢) ≼ 0 ⟹ 𝑢 ≼ 0 for all 0 ≼ 𝑢. 

Example 3.1.Define ∅: (C)6→C as ∅ (t1, t2, t3, t4, t5, t6) = t1 – ∅1 (min {t2, t3, t4,t5,t6}), where 

𝜑1: C→C is increasing and continuous function such that ∅1(s) >s for all s∈C, clearly,∅ 

satisfies all conditions (A), (B) and (C).Therefore, ∅ ∈ M6.  

Our main theorem runs as follows. 

Theorem 3.1.1.Let A, B, S, T, P and Q be six self mappings of a complex-valued metric space 

(X, 𝜌) satisfying the following conditions: 

(i) 𝑃(𝑋) ⊆ 𝐴𝐵(𝑋), 𝑄(𝑋) ⊆ 𝑆𝑇(𝑋), 

(ii) The pair (P, AB) and (Q, ST) share the common (E.A) property. 

(iii) For any x, y ∈X,∅ in M6. 

∅ {
𝜌(Px, Qy), 𝜌(ABx, STy), 𝜌(ABx, Qy),

𝜌(STy, Px), 𝜌(ABx, Px), 𝜌(STy, Qy)
} ≼ 0 

(iv) AB = BA, ST = TS, PB = BP, SQ = QS, QT = TQ. 

Then the pair (P, AB) and (Q, ST) have a point of coincidence each. Moreover A, B, S, T, P 

and Q have a unique common fixed point provided both the pairs (P, AB) and (Q, ST) are 

occasionally weakly compatible. 

Proof. In view of (ii), there exist two sequences {𝑥𝑛} and {𝑦𝑛}in X such that 

𝑙𝑖𝑚𝑛→∞P𝑥𝑛 = 𝑙𝑖𝑚𝑛→∞AB𝑥𝑛 = 𝑙𝑖𝑚𝑛→∞B𝑦𝑛 = 𝑙𝑖𝑚𝑛→∞ST𝑦𝑛 = 𝑧 for some z ∈X.  

since P(X) ⊂ AB(X), there exist a point u ∈X such that ABu = z. 

Put x = 𝑢  and y =  𝑦𝑛 in (iii), we have 

∅ {
𝜌(Pu, Q𝑦𝑛), 𝜌(ABu, ST𝑦𝑛), 𝜌(ABu, Q𝑦𝑛),

𝜌(ST𝑦𝑛, Pu), 𝜌(ABu, Pu), 𝜌(ST𝑦𝑛, Q𝑦𝑛)
} ≼ 0 

∅ {
𝜌(Pu, z), 𝜌(z, z), 𝜌(z, z),

𝜌(z, Pu), 𝜌(z, Pu), 𝜌(z, z)
} ≼ 0 

∅ {
𝜌(Pu, z), 0,0,

𝜌(z, Pu), 𝜌(z, Pu), 0
} ≼ 0 

Using implicit relation (B), we get 
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𝜌(Pu, z) ≼ 0. 

This gives Pu = z. Therefore Pu = Abu = z. 

Since since Q(X) ⊂ ST(X), there exist a point v ∈ X such that STv = z. 

Put x = 𝑢  and y =  𝑣 in (iii), we have 

∅ {
𝜌(Pu, Q𝑣), 𝜌(ABu, ST𝑣), 𝜌(ABu, Q𝑣),

𝜌(ST𝑣, Pu), 𝜌(ABu, Pu), 𝜌(ST𝑣, Q𝑣)
} ≼ 0 

∅ {
𝜌(z, Q𝑣), 𝜌(z, z), 𝜌(z, Q𝑣),

𝜌(z, z), 𝜌(z, z), 𝜌(z, Q𝑣)
} ≼ 0 

∅ {
𝜌(z, Q𝑣), 0, 𝜌(z, Q𝑣),

0,0, 𝜌(z, Q𝑣)
} ≼ 0 

Using implicit relation (A), we get 

𝜌(z, Qv) ≼ 0. 

This gives Qv = z. Therefore Qv = ABu = Pu = STv = z. 

Since (P, AB) is occasionally weakly compatible therefore Pu = ABu implies that  

PABu = ABPu that is Pz = ABz 

Now we show that z is a fixed point of P so we put x=z and y=v in (iii), we get 

∅ {
𝜌(Pz, Q𝑣), 𝜌(ABz, ST𝑣), 𝜌(ABz, Q𝑣),

𝜌(ST𝑣, Pz), 𝜌(ABz, Pz), 𝜌(ST𝑧, Q𝑧)
} ≼ 0 

∅ {
𝜌(Pz, z), 𝜌(z, z), 𝜌(z, z),

𝜌(z, Pz), 𝜌(z, Pz), 𝜌(z, z)
} ≼ 0 

∅ {
𝜌(Pz, z), 0,0,

𝜌(z, Pz), 𝜌(z, Pz), 0
} ≼ 0 

Using implicit relation (B), we get 

𝜌(z, Pz) ≼ 0. 

This gives Pz = z.  Hence  Pz = z = ABz. 

Similarly (Q, ST) is occasionally weakly compatible we have Qz = STz = z.  

Now we show that Bz = z.  

Put x = Bz and y = 𝑦𝑛 in (iii), we have 

∅ {
𝜌(PBz, Q𝑦𝑛), 𝜌(ABBz, ST𝑦𝑛), 𝜌(ABBz, Q𝑦𝑛),

𝜌(ST𝑦𝑛, PBz), 𝜌(ABBz, PBz), 𝜌(ST𝑦𝑛, Q𝑦𝑛)
} ≼ 0 

∅ {
𝜌(Bz, z), 𝜌(Bz, z), 𝜌(Bz, z),

𝜌(z, Bz), 𝜌(Bz, Bz), 𝜌(z, z)
} ≼ 0 

∅ {
𝜌(Bz, z), 𝜌(Bz, z), 𝜌(Bz, z),

𝜌(z, Bz), 0,0
} ≼ 0 

Using implicit relation (B), we get 

𝜌(z, Bz) ≼ 0. 
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This gives Bz = z. 

Since ABz = z therefore Pz = ABz = Bz = Qz = STz = z 

Finally we show that Tz = z. 

Put x = z and y = Tz in (iii), we get 

∅ {
𝜌(Pz, Q𝑇𝑧), 𝜌(ABz, ST𝑇𝑧), 𝜌(ABz, Q𝑇𝑧),

𝜌(ST𝑇𝑧, Pz), 𝜌(ABz, Pz), 𝜌(ST𝑇𝑧, Q𝑇𝑧)
} ≼ 0 

∅ {
𝜌(z, 𝑇𝑧), 𝜌(z, T𝑧), 𝜌(z, 𝑇𝑧),

𝜌(𝑇𝑧, z), 𝜌(z, z), 𝜌(𝑇𝑧, 𝑇𝑧)
} ≼ 0 

∅ {
𝜌(z, 𝑇𝑧), 𝜌(z, T𝑧), 0,

0, 𝜌(z, 𝑇𝑧), 𝜌(z, 𝑇𝑧)
} ≼ 0 

Using implicit relation (B), we get 

𝜌(z, Tz) ≼ 0. 

This gives Tz = z. 

Hence ABz = Bz = STz = Tz = Pz = Qz = z. Uniqueness follows easily. 

If we put B = T = I, identity map on X, in Theorem 3.1, we have the following: 

Corollary 3.1.Let A, S, P and Q is six self mappings of a complex-valued metric space (X,𝜌) 

satisfying the following conditions: 

(i) 𝑃(𝑋) ⊆ 𝐴(𝑋), 𝑄(𝑋) ⊆ 𝑆(𝑋), 

(ii) The pair (P, A) and (Q, S) share the common (E.A) property. 

(iii) For any x, y ∈ X, ∅ in M6. 

∅ {
𝜌(Px, Qy), 𝜌(Ax, Sy), 𝜌(Ax, Qy),

𝜌(Sy, Px), 𝜌(Ax, Px), 𝜌(Sy, Qy)
} ≼ 0 

Then the pair (P, A) and (Q, S) have a point of coincidence each. Moreover A, S, P and Q have 

a unique common fixed point provided both the pairs (P, A) and (Q, S) are occasionally weakly 

compatible. 

              As an application of the theorem 3.2., we prove a common fixed point theorem for six 

finite families of maps on metric space, while proving our results; we utilize definitions of 

finite families which is natural extension of commutativity condition to two finite families. 

Theorem3.2.   Let {A1 ,A2 ,…,Am }, {B1 ,B2 ,…,Bn }, {S1 ,S2 ,…,Sp }, {T1 ,T2 , …Tq },    {P1 

,P2 ,…Pr },and {Q1 ,Q2 ,...Qs } be six finite families of self maps of a complex – valued metric 

space (x, d) such that  A = A1 ,A2 ,…Am ,B = B1 ,B2 ,…Bn , S = S1 ,S2 ,…Sp ,T = T1 ,T2 ,…Tq 

, P = P1 ,P2 ,…Pr and Q = Q1 ,Q2 ,…Qt  satisfy the following conditions. 

(1) P(X) ⊂AB(X)(or Q ⊂ ST(X)) 

(2)  The pair (P, AB) (or (Q, ST)) satisfy property (E.A). 
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Then the pairs (P, AB) and (Q, ST) have a point of coincidence each .Moreover finite families 

of self maps Pr ,AiBn  and Qt ,SP ,Tq  have a unique common fixed point provided that the pairs 

of families ({Pr },{AI },{Bn }and {Qt},{SP},{Tq } commute pair-wise for all   i= 1,2,…,m, k 

= 1,2,…n, t = 1,2,…,o, v = 1,2,…,r ,p = 1,2,…, s and  q = 1,2,…,x. 

Proof.Since self maps A,B,S,T,P and Q satisfy all the conditions of above theorem, the 

pairs(P,AB) and (Q,ST) have a point of coincidence. Also the pairs of families ({𝑃𝑟},{𝐴𝑖𝐵𝑛}), 

and ({𝑄𝑡}, {𝑆𝑝𝑇𝑞}) commute pair wise, we first show that PAB = ABP as 

PAB = (𝑃1𝑃2 … 𝑃𝑟)(𝐴1𝐴2 … 𝐴𝑚)(𝐵1𝐵2 … 𝐵𝑛)  = (𝑃1𝑃2 … 𝑃𝑟−1)(𝐴1𝐴2 … 𝐴𝑚)(𝐵1𝐵2 … 𝐵𝑛) 

    = (𝑃1𝑃2 … 𝑃𝑟−2)(𝐴1𝐴2 … 𝐴𝑚𝐵1𝐵2 … 𝐵𝑛𝑃𝑟−1𝑃𝑟) = ⋯ = 𝑃1(𝐴1𝐴2 … 𝐴𝑚𝐵1𝐵2 … 𝐵𝑛 𝑃2 … 𝑃𝑟) 

         = (𝐴1𝐴2 … 𝐴𝑚)(𝐵1𝐵2 … 𝐵𝑛)(𝑃1𝑃2 … 𝑃𝑟) = 𝐴𝐵𝑃 

Similarly one can prove that QST=STQ. Hence, obviously the pair (P, AB) and (Q, ST) are 

occasionally weakly compatible. We conclude that A, B, S, T, P and Q have a unique common 

fixed point in X, say z. 

Now, one needs to prove that z remains the fixed point of all the component maps. 

For this consider 

A (𝐴𝑖𝑧) = ((𝐴1𝐴2 … 𝐴𝑚)𝐴𝑖)𝑧 = ((𝐴1𝐴2 … 𝐴𝑚−1)𝐴𝑚𝐴𝑖)𝑧 

             = (𝐴1𝐴2 … 𝐴𝑚−1)(𝐴𝑖𝐴𝑚)𝑧 = (𝐴1𝐴2 … 𝐴𝑚−2)(𝐴𝑖𝐴𝑚𝐴𝑚−1)𝑧 

             = (𝐴1𝐴2 … 𝐴𝑚−2)(𝐴𝑖𝐴𝑚−1𝐴𝑚)𝑧 = ⋯ = 𝐴1(𝐴1𝐴2 … 𝐴𝑚)𝑧 

             = (𝐴1𝐴𝑖)( 𝐴2 … 𝐴𝑚)𝑧 

             =(𝐴𝑖𝐴1)(𝐴2 … 𝐴𝑚)𝑧 = 𝐴𝑖(𝐴1𝐴2 … 𝐴𝑚)𝑧=𝐴𝑖𝐴𝑧 = 𝐴𝑖𝑧. 

Similarly, one can prove that  

P (𝐵𝑘𝑧) = 𝐵𝑘(𝑃𝑧) = 𝐵𝑘𝑧, 𝐵(𝐵𝑘𝑧) = 𝐵𝑘(𝐵𝑧) = 𝐵𝑘𝑧, 

𝑃(𝑃𝑣𝑧) = 𝑃𝑣(𝑃𝑧) = 𝑃𝑣𝑧 

P (𝐴𝑖𝑧) = 𝐴𝑖(𝑃𝑧) = 𝐴𝑖𝑧, 𝐴(𝐴𝑖𝑧) = 𝐴𝑖(𝐴𝑧) = 𝐴𝑖𝑧 

𝑃((𝐴𝑖𝐵𝑘)𝑧) = (𝐴𝑖𝐵𝑘)(𝑃𝑧)=(𝐴𝑖(𝐵𝑘𝑃𝑧)) = (𝐴𝑖𝑃𝑧) = 𝐴𝑖Pz. 

Q (𝑆𝑝𝑧) = 𝑆𝑝(𝑄𝑧) = 𝑆𝑝𝑧, 𝑄(𝑇𝑞𝑧) = 𝑇𝑞(𝑄𝑧) = 𝑇𝑞𝑧, 

𝑄(𝑄𝑡𝑧) = 𝑄𝑡(𝑄𝑧) = 𝑄𝑡𝑧 

𝑄((𝑆𝑝𝑇𝑞)𝑧) = (𝑆𝑝𝑇𝑞)(𝑄𝑧) = (𝑆𝑝(𝑇𝑞𝑄𝑧)) = (𝑆𝑝𝑄𝑧) = 𝑆𝑝𝑧, 

Which shows that (for all k, i, q, p, v and t) 𝑃𝑣𝑧  and 𝐴𝑖𝐵𝑘𝑧 are other fixed point of the pair (P, 

AB) whereas 𝑄𝑡𝑧 and 𝑆𝑝𝑇𝑞𝑧 are other fixed point of the pair (Q, ST). 

As A, B, S, T, P and Q have a unique common fixed point, so, we get 

z =𝑃𝑣𝑧 = 𝐴𝑖𝑧 = 𝐵𝑘𝑧 = 𝑄𝑡𝑧 = 𝑆𝑝𝑧 = 𝑇𝑞𝑧,   

for all         v = 1, 2,…,r ,                             i = 1,2,…,m 
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                   k=1, 2, …, n ,                           t=1,2,…. , o 

                   p=1, 2, …,s                              q=1,2,…,x 

Which shows that z is a unique common fixed point of{𝑃𝑣}𝑣=1
𝑠 ,{𝐴𝑖}𝑖=1

𝑚 , {𝐵𝑘}𝑘=1 
𝑛  

,{𝑄𝑡}𝑡=1
𝑜 , {𝑆𝑝}

𝑝=1

𝑠
 and {𝑇𝑞}

𝑞=1

𝑥
. 

 

REFERENCES 

1. Azam, A., Fisher B ,  Khan M , Common fixed  point theorems in Complex valued 

metric spaces, Numer. Funct. Anal. Optim. 32 (3) (2011) 243–253. 

2. Al-Thagafi, M. A., and Shahzad, N., Non commuting self-maps and invariant 

approximations. Nonlinear Analysis, 64(2006), 2777-2786. 

3. Bryant, V.W., A remark on a fixed point theorem for iterated mappings, Amer. Math. 

Monthly 75(1969), 399-400. 

4. Banach, S., Surles operation dans les ensembles abstraits et leur Application aux 

equation integrals,Fund.Math.3(1922),133-181. 

5. Brouwer, L.E.J., uberabbildungen von mannigfalling keiten, Math, Ann. 71(1912), 

97-115. 

6. Browder, F.E., Non-expensive, non linear operation in Banach space, Proc. Nat. 

Acad. Sci. (U.S.A.), 54 (1965), 1041-1044. 

7. 
Boyd, D.M. and Wong, I.S.W., On non-linear contraction, Proc. Amer. Math. Soc. 

20 (1969), 458-464 

8. Jungck, G., Compatible maps and common fixed point, Internat.J. Math. 

Sci.9(1968),771-779. 

9. Jungck, G., Murthy, P.P. and Cho, Y.J., Compatible maps of type (A) and common 

fixed points, Math. Japan. 38 (1996), 381-390. 

10. Jungck, G., and Rhodes, B.E., Fixed point for set valued functions without continuity, 

I. J., Pure Appl. Math., 29(3)(1998),227-238. 

11. Manro,S., Some common fixed point theorems in complex valued metric space using 

implicit function,Int.J.Anal.Appl.2(1)(2013) 62-70. 

12. 
Sessa, S., on a weakly commutatively condition of mappings in fixed point 

consideration, Publi de l’ Instant Math.32(46)(1982)149-153. 

 


