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ABSTRACT

Analysing the data and using it for the predictions of the future events has become a most
important aspect in this era where data is so rapidly generated everywhere. The most popular and
commonly used statistical model for predicting the response or outcome variable is Regression.
Many linear and non-linear models were developed for analysis of the data and estimation. In
statistical literature one may find a large number of research articles on various regression models
and the reason for the large number of publications is the large variety of regression models. The
aim of all these regression models is-It indicates significant relationships between the predictor
variables and the response variableit indicates the strength of the impact that each predictor
variable has on the response variable. Comparisons between the effects of predictor variables are
also possible in Regression analysis even if they are measured on different scales. That helps to
drop or estimate variables that are not really useful while identifying the best set of variables for
building a predictive model.The three factors are considered important while determining the type
of model. and they are i) the number of independent or predictor variables in the model, ii) the
functional form of regression model or the shape of the regression line whether linear or non-

linear and iii) the nature of the dependent or response variable in the model. Most of the classical
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regression models are based on one or more of the above considerations in different proportions.
It is still possible to develop a new type of regression model by using a new combination of the
above considerations. Before attempting to develop a new model, it is necessary to understand the
eight most commonly used regression models. The models are briefly described below.The most
popular and commonly used technique of predictive modelling in Regression models is a Linear
Regression. It is represented by a straight line (as the relation is linear). This regression line is
optimal in the sense that it minimizes the total error sum of squares of prediction.

KEYWORDS:Family, Regression Models, Linear Regression, linear and non-linear models
INTRODUCTION

Statistics has always been considered to be a branch of science that consists of data collection and
analysis of the collected data and interpreting the results obtained from such analysis related to the
dataset in hand. The purpose of statistical activities is to develop and apply methodologies for
extracting useful information from data. Statistical activities may include one or more of the

following.

e Sample surveys and design of experiments for collection of the data for understanding the

phenomenon under investigation.

e Visualization of the collected sample data is important because it helps us to understand

the nature and structure of collected data.

e The relationships present between different variables are modelled with the objective of
obtaining prediction of the response variable when values of other (predictor) variables are

known.

e Drawing statistical inference about underlying parameters of statistical models and testing
various hypotheses about these parameters.

In the pre-computer ages, data used to be processed manually. It used to be a very tedious and
time consuming process. During the computer age, statistical packages were developed to process
the data, which can vary from small to large magnitude. During recent times, when data is

generated rapidly in big volumes and is required to be processed very quickly. The new
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phenomenon of collecting data of huge magnitude, generated almost continuously over time and
mostly stored automatically is known as the big data revolution. The big data revolution has
resulted in having data everywhere and the need of the hour is a smart and accurate analysis of
such data. For example, big data that are generated in a company (data related to its employees)
are to be processed for formulating company policies on recruitment of new employees. Some
malls and departmental stores are interested in analysing sales data and then predicting customer
behaviour with a view to provide offers or good services to the customers. This big data is so large
and complex that traditional methods cannot manage it. There is a need for fast and accurate
methods of data analysis that can be implemented on a digital computer. The study reported in this
thesis is related to one such method, known as regression. The overall goal of present study is to
develop and present most generalized form of regression. This generalized regression model
includes all variations and formulations of the regression model that are already developed as well
as the variations that may be developed in the future can be shown to be special cases of this
generalized model. Let us first understand the background of the statistical regression model as a
prediction model or the model that provides a prediction formula.

REGRESSION AS A PREDICTIVE MODEL

One of the most popular statistical methods utilized in building statistical models that can address
prediction problems is regression analysis. As a consequence, regression is known as the most
commonly used technique of prediction modelling. The literature on regression models is full of
several types of regression. However, most of the practicing analysts know a very few types of
regression. Almost all the analysts know linear regression and logistic regression. Some of them
may know the concept of regularization and hence may be aware of ridge regression and LASSO
regression. The statistical literature on regression mentions more than 15 different types of
regression. In addition, some methods are used for partitioning data so that a better regression
model can be obtained by suitably partitioning given data. The reason for most of the analysts not
being aware of many types of regression is that these are either too complex in nature or are not
covered by standard text books on regression. The present study aims at generalizing most of
these various types of regression so that any particular type of regression can be shown to be a
special case of this generalized form. It is then easy to remember the generalized form of
regression as the standard regression model, with the option of specifying conditions for each
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particular case as a special case. Every special case is applicable under some restrictions, either on
the parameter space, on the data space, or on the relationship that the predictor variable(s) has
with the response variable. Some such special cases are known by names, whereas some of these
are known as restricted or regularized regression models. A data scientist cannot spend too much
time in understanding the intricacies of modelling in order to identify the most appropriate model
to be used in the given situation. This study will help a data scientist to take a systematic approach
to developing the most appropriate regression model so that the model is optimal in terms of the
performance and, at the same time, is computationally least complex among competing candidate
models. Every regression model is developed with the ultimate goal of predicting the response

variable corresponding to known or given values of the predictor (explanatory) variable(s).
The Multiple Linear Regression Model

One of the typical problems in data analysis is problem of prediction. A prediction problem
involves several variables, where one variable is supposedly affected by variations in the other
variables. The affected variable shows the effect of variations in other variables and is therefore
called the dependent or response variable. The remaining variables may or may not affect the
response variable directly, but we cannot conclude one way or the other unless we carry out an
appropriate statistical analysis of data on these variables. We therefore begin with a dataset that
has the response variable, conventionally denoted by the letter Y and a number of potential
predictor variables, conventionally denoted by the letter W with a subscript to distinguish between
the different predictor variables. Suppose a dataset has ,,n* no. of observations on each of (P+1)
number of variables. The dependent or the response variable is one of these (P+1) no. of variables.
The remaining P no. of variables are predictor variables. Denote the response (target) variable by
Y and P no. of predictor (or explanatory) variables by W1, W 2... W P. Further, suppose that
there are n observations on each of the P+1 variables. It is a common practice to organize these n
* (P+1) values in the form of a data matrix. This data matrix obviously has n rows, every row
representing one observation, and P+1 columns, every column representing one variable, P
predictor variables and one response variable. The objective of prediction analysis is to determine
a mathematical relationship or association between predictor variables and the response variables.
The purpose of doing so is to use this mathematical relation to predict the target variable for given

values of the explanatory variables.

© Association of Academic Researchers and Faculties (AARF)

A Monthly Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories.

Page | 486



Multiple linear regression is most widely used and popular prediction model in statistical
literature. It stipulates that the explanatory variables are a related linearly to the response variable.

This model is defined by the expression written as,

Y=b0+bl W1+b2W2+ ..+bP WP +g, where b0, bl, b2, ...,bP are called regression
coefficients and e is called the residual. The best multiple linear regression model is obtained by
least square principle, where the sum of squared errors (SSE) is minimized. Errors are measured
by taking deviation of observed values of explanatory variable from its predictions. This model is
called the least squares regression model and the method used for deriving this model is called
Ordinary Least Squares (OLS) method.

It should be noted that the multiple linear regression model is optimal (that is, best) only under

certain conditions or assumptions. These assumptions are as follows.

1. Linearity of the relationship. The relation or association of the explanatory and the target
variable is assumed to be linear. Linearity is often verified visually with help of scatter plots of the
predictor variables and the response variable. There is no formal statistical test for linearity of the
relationship of a predictor variable with the response variable. It should be noted that the concept
of linearity is one of the most misunderstood, misconceived, and misinterpreted in the literature.
The linearity in the linear regression relates to the assumption that the regression formula is linear
function of parameters. It is usually stated that the model is called linear regression because it™s
expression involves the power of predictor variable at most one. It is enough to mention that
polynomial regression is an example of multiple linear regression, in which the regression formula

is not linear in the predictor variables, but is linear in its parameters.

2. Independence among predictor variables. The P independent variables are mutually
independent. In other words, the predictor variables do not affect one another. As a consequence,
no predictor variable affects the relationship of any other predictor variable with the response
variable. It is not possible to have predictor variables to be totally independent of one another.
However, the relationships among predictor variables should not be so strong as to make the
variance-covariance matrix of predictor variables singular or near singular. There is no formal
measure of multicollinearity among the predictor variables. Some indicators like the variance

inflation factor (VIF) are available, but such indicators have a limited utility.
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3. Independence of errors. The error term is independent of the target variable as well as of the
explanatory variables. This assumption is most often verified by drawing a scatter plot of residuals
against observations on the response variable against its predictions of the response variable.

4.Normality of errors. Residuals (that is, observations on the error variable) are distributed
normally with mean () equal to zero and variance (62) should be constant. This assumption is
verified through a normal Quantile-Quantile plot of error terms when the model is fitted and
computing the predicted values and residuals are computed.

5. Homoscedasticity of errors. The error variance does not change with response variable, either
observed or predicted. This assumption can also be verified only graphically by drawing a scatter

plot of residuals against the response variable (using either observed values of predicted values).

For illustration, consider the problem of analysing the data given below of 20 observations on the
result of an examination (y) and number of study hours (Hr.). The purpose of the analysis is to
develop a method for predicting the result of the examination (y) when the number of study hours

(Hr.) is given (or specified).

No. 1 2 3 4 5 6 7 8 9 10 11 12
y 1 1 0 0 1 1 1 0 1 0 1 1
Hr. 5 6 3 2 2 4 5 3 5 3 5 4
No. 13 14 15 16 17 18 19 20
y 0 1 1 0 1 1 1 1
Hr. 2 3 4 3 5 4 6 5

First, consider the simple linear regression model for this purpose. It is easy to enter values of Hr.
and y in R as a data frame and use the function Im to apply simple linear regression of y on Hr.
This provides the following estimates of the regression coefficients.

TYPES OF THE REGRESSION MODEL
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Many different types of regression model are found in statistics literature. We briefly review some
of these models, so that it can be made clear how these can be shown to be special cases of the
proposed generalization.

1. Linear Regression. Simple linear regression is the simplest regression model. It is interesting
to note that origin of simple linear regression in order to understand why the normal (that is,
Gaussian) distribution is so important in the linear regression model. Suppose, W and Y are the
two random variables following bivariate normal distribution with respective means Hwand Hy,
respective standard deviations 9w and “», and correlation coefficient 2 (rho). Then, the marginal

distribution of W is N(mean==Hw, standard deviation= %w).

The conditional distribution of Y | W = w is a normal distribution having mean=[Hy — P * 9y/ gy,

(w — HMw) ]Jand variance=[ gy (1=p )] This shows that the conditional expectation of Y given W
= w is linear function of independent variable w. Since regression of Y on W is defined as the
conditional expectation of Y | W, linear regression is linear when W and Y follow a bivariate
normal distribution. Further, the residual is also distributed normally with zero mean and variance
which is independent of W or Y. The multiple linear regression is similarly the natural choice
when the dependent variable Y and the P independent variables W 1, W 2, ..., W P jointly follow
the multivariate normal distribution. Derivation of the regression is straightforward if we notice
that conditional distribution of Y given W 1 =wl, W2 =w2, ..., W P = wP is a linear function of

the variables wl, w2, ..., wP.

2. Polynomial Regression. The scatterplot of W and Y sometimes indicates that the relationship
of W with Y may not seem be linear. It is common in such cases to try the polynomial regression.
Polynomial regression model involves higher order powers of the predictor variable W and is of

the following form. yy
Y = Yor YiW+Y2 W2 yaWoe 4y Wi ¢

It is the expression of the kth degree polynomial regression. What is interesting to note that the
polynomial regression is non-linear in predictor variable and not in regression coefficients If we
defineW 1 =W, W 2=W?% W 3=W?3 ... Wk=WF, then the polynomial regression model will

be same as the multiple linear regression model. This is this reason why not much literature is
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available on multinomial regression. The polynomial regression model sometimes contains terms

that involve products of predictor variables or their powers, suchasW 1 -W2, W2 - W 3,

Wi ‘Wz, and so on. Even then, new predictor variables are introduced for each of these, so that the
new model is still a multiple linear model of regression. It can be very tempting to fit highly
involved polynomial regression models to data because the more complex the polynomial
expression the better is the fit of the model. What is important to keep in mind is the fact that
introducing to many terms in expression of polynomial regression can lead to the overfitting

problem.

3. Logistic Regression. The response variable in the logistic regression model is binary, that is,
has only two possible values, 0 and 1, often described as failure and success, respectively.
Obviously, one can say that linear regression model is not seem to be appropriate because a
straight line is unbounded, while the binary response variable is bounded. The problem of
predicting the value of the target variable (response) is changed to problem of predicting
probability p of success, that is, probability of value 1 of the response variable. The probability p
is bounded between 0 and 1 and still cannot be predicted with help of a linear function. The odds
ratio p / (1-p) is non-negative and is not bounded above. The logistic regression model uses log (p
/ (1-p)) as the response variable. It may be noted that log (p / (1-p)) covers the entire real line as p
moves over the unit interval from 0 to 1. As it is real-valued, this function can be predicted using a
linear function of the repressors. So, expression for logistic regression is given as follows. log
(P/(1-p)) =Yo+r YIW1+Y2W2+ ...+ YpWP +e

What is important to note in case of the logistic regression is that no predicted variable affects
original response linearly. As a result, coefficients in logistic regression cannot be easily
interpreted. The effects of predictor variables are multiplicative and not additive, like in case of
linear regression. Moreover, logistic model of regression violates the assumption of
homoscedasticity. Further, since the response variable is binary, it does not follow the normal

distribution. Even residuals also do not follow the normal distribution for the same reason.

4. Quantile regression. The model of quantile regression differs from the model of linear
regression in the following sense. The linear regression model attempts to find the conditional

expectation of the response variable corresponding to given values of explanatory variables, while
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quantile regression model attempts to locate the specified quantile of conditional distribution of
response corresponding to given values of the explanatory variable(s). In other words, quantile
regression model extends of the concept of a quantile to the concept of conditional quantile. If
F(y) = P(Y <y) is a distribution function of a random variable Y, then the gthquantile (Q (q)) of Y
is defined in terms of the inverse distribution function Q(q) = inf{y : F(y) >q } = F-1(q) for 0 <
g < 1. For example, the median is Q (1/2). Given a random sample y1, y2, ...,yn, it is known that
the sample median (Md) minimizes the total absolute deviation of sample values around it,
namely minMdZi=o | ¥i— Md | 1t should then be obvious that the quantile regression model
cannot use the squared error loss function, because the quantiles do not have the property of the
sample mean that the squared deviations are minimum when taken from the mean. Instead, the
objective function that is minimized in quantile regression is given by minz in R {Sum wq( yi —z
), where wg(w) = w (q—1(w<0))and I() is the indicator function. The linear regression model
uses the property of sample mean of minimizing the total of square of the deviations from the
sample observations and applies it to obtain the conditional mean as the optimal solution to the
problem of minimizing squared error loss function. Similarly, the quantile regression model
extends the property of the sample quantile that minimizes the total weighted deviations from
sample values when the weights are given by the function wq() defined above and obtains the
conditional quantile function for any specified quantile g, 0 < g < 1. Quantile regression is
preferred when data is heteroscedastic or distribution of the dependent variable is skewed.
Quantile regression is also robust to outliers. Note that the coefficients of regression in quantile
regression are very different from the regression coefficients in linear regression. If this does not

happen, then the use of quantile regression is not justified.

5. Ridge Regression. Before defining ridge regression, we shall quickly introduce the concept of
regularization used in regression. Regularization is a way to handle the problem of overfitting,
where it can be seen that the model fits well to the training data but does not perform equally well
on test data. Regularization controls the objective function with the help of penalty function.
Regularization is useful in the case where sample size is too small as compared to no. of
independent variables and also in presence of multicollinearity between the independent variables.
Two most common methods of regularization use the L1 norm and L2 norm as the penalty

function. The L1 norm, also known as absolute norm restricts the regression coefficients by the
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condition that the absolute values of regression coefficients add to unity. The L2 norm , also
known as quadratic norm restricts the regression coefficients by the condition that squares of
regression coefficients adds up to unity. Ridge regression uses the L2 norm as the regularization
method. The objective function for the ridge regression is to minimize E{yi —Yo-Yiwli—-Yz w

-

C 2 2 -
AT e VPWP') FAZY . The normal equations for ridge regression have the solution ¥ = (W*
W + A I)-1 W ' vy. Ridge regression was originally proposed to resolve the problem of
multicollinearity. A consequence of regularization is that it is no more meaningful to assume the

error terms to be normally distributed.

6. LASSO regression. Lasso regression was proposed as an alternative to the ridge regression by
using L1 norm in place of L2 norm used in ridge regression. LASSO stands for acronym of Least

Absolute Shrinkage and Selection Operator. It minimizes the objective function E(yi ~ Y1 wli-
Y2 w2i - ... - Yewpi) 2 + & Z [vil. Note that LASSO does not regularize the intercept because all
variables are standardized before fitting the model. As a consequence, the regression passes
through the origin and hence has no intercept. There is no explicit mathematical solution for
LASSO regression and hence the regression coefficients are obtained using an iterative process
with help of a statistical software. As the name suggests, LASSO results in automatically selecting
variables for use in the model and resolves the problem of multicollinearity. In this sense, LASSO
IS better than ridge regression. However, ridge has the advantage of being computationally more
efficient. There is no straightforward comparison between ridge and LASSO. Both should be
fitted to training data and selection should be on the basis of their performance on test data. The

model that performs better for test data should be selected.

7. Elastic Net Regression. Elastic net regression was also proposed in presence of
multicollinearity, but when it is not clear as to whether ridge regression is better or lasso
regression is better. Elastic net regression is a mixture of ridge and lasso regression in the sense
that it uses both L1 norm and L2 norm. All the variables are standardized before fitting the
regression model, and therefore the model has no intercept term. The objective function for elastic

net regression is shown below.

Yyi—Yo-YiW1-Y2W2-..-YoWp)+uZ¥i +X X Ivil It is then obvious that elastic net

regression does not assume errors to be normally distributed.
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CONCLUSION

The research reported in the current thesis is an attempt to develop a generalization of all
regression models so that different types of regressions become special cases of the generalized
form. The most general form of regression is proposed to be linear in all variables, response as
well as predictor. Special cases are obtained by defining the response variable or predictor
variables suitably in consideration of problem under consideration. For example, logistic
regression is obtained by defining the response variable as —log [p/(1-p)], where p= P[Y=1], and Y
is binary variable representing the original response. Similarly, polynomial regression is obtained
by defining additional predictor variables as powers or products of (possibly powers of) observed
predictor variables. These are among more familiar cases and do not require any justification.
What is not obvious is partition-based non-parametric regression models that are difficult to
represent in a mathematical form. The regression tree model as defined in the literature assumes
the response variable to have a single value for all observations at a leaf node. The research
reported in this thesis proposes to fit a local linear regression at the leaf level. This leads to one
linear regression model per leaf node. On one hand, it appears that the proposed modelling
technique demands more work in fitting one linear regression model per leaf node. On the other
hand, however, this technique not only improves the accuracy of the predictions obtained at the
leaf node level, it also improves the precision of prediction by reducing the prediction error by
making sure that observations in the leaf nodes are most suitable for a linear regression model. A
common misunderstanding about the importance of assumptions found in the literature on
regression analysis is that verifying assumptions is the justification for the model. The fact of the
matter is that a model should be justified by the nature of the relationship between involved
variables, rather than their statistical properties like normality, homogeneity, or homoscedasticity.
The assumptions of the regression model are of two types. One of the assumptions is related to the
behaviour of every random variable involved in the model, including the residual or error. What
is often overlooked is consideration that error is normally distributed with zero mean and some
finite variance equal to 2. The dependent variable Y is not assumed to follow any particular
distribution. Similarly, predictor variables are also not assumed to follow any particular
distribution. The only distributional assumption is that the conditional expectation of Y for

specified values of predictor variables follows the normal distribution.
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