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1. Introduction

In 2011, Azam et. al. [1] introduced the notion of complex valued metric space which is a
generalization of the classical metric space. They established some fixed point results for
mappings satisfying a rational inequality. The idea of complex valued metric spaces can be
expolited to define complex valued normed spaces and complex valued Hilbert spaces;
additionally, it offers numerous research activities in mathematical analysis.

A complex number z € C is an ordered pair of real numbers, whose first co-ordinate is called
Re(z) and second coordinate is called Im(z). Thus a complex-valued metric d is a function from a
set X xX into C, where X is a nonempty set and C is the set of complex numbers.

Let C be the set of complex numbers and z;, z, € C. Define a partial order < on C as follows:

21 S zp ifand only if Re(z1) < Re(z2) and Im (z1) < Im (zy), that is z; < z,, if one of the following
holds:

(C1) Re(z1) = Re(zp) and Im(zy) = Im(zy,);

(C2) Re(z1) < Re(zz) and Im(z;) = Im(zy);

(C3) Re(z1) = Re(zz) and Im(z;) <Im(zy);

(C4) Re(z1) <Re(z;) and Im(z1) < Im(zy).

In particular, we will write z; X z, if z; # z, and one of (C2), (C3), and (C4) is satisfied

and we will write z; < z5 if only (C4) is satisfied.

Remark 1.1. We note that the following statements hold:

(i)a,be Randa<b=az < bzVvzeC.
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(M 0=z1 2= |74l < |z,

(l)z; 3 zzand z, < 23 = 71 < Z3.

Definition 1.2. Let X be a nonempty set. Suppose that the mapping d : X x X — C satisfies the
following conditions:

1 0=d(x,y), forall x,y e Xand d(x,y) =0 ifand only if x = y;

(i) d(x, y) =d(y, x) forall x, y € X;

(i) d(x,y) 2 d(x,z) +d(z, y), forall x, y,z € X.

Then d is called a complex valued metric on X and (X, d) is called a complex valued metric
space.

Example 1.3. Let X = C. Define the mapping d : X x X — C by

d(z1,25) =2t |zy — z,|, forall z;, z, € X..

Then (X, d) is a complex valued metric space.

Definition 1.4. Let (X, d) be a complex valued metric space, {X,} be a sequence in X and x € X.
(i) If for every ¢ € C, with 0 < c there is k € N such that for all n >k, d(x,, X) < c, then {x,} is
said to be convergent, {x,} converges to x and x is the limit point of {x,}. We denote this by
{Xn} = xasn—oorlim, . x, =X

(ii) If for every c € C, with 0 < c there is k € N such that for all n > k, d(X,, Xn+m) < C, where

m € N, then {x,} is said to be Cauchy sequence.

(iii) If every Cauchy sequence in X is convergent, then (X, d) is said to be a complete

complex valued metric space.

Lemma 1.5. Let (X, d) be a complex valued metric space and let {x,} be a sequence in X. Then
{xn} converges to x if and only if |d(X,, X)| = 0 as n — .

Lemma 1.6. Let (X, d) be a complex valued metric space and let {x,} be a sequence in X. Then
{xn} is a Cauchy sequence if and only if |d(Xn, Xn+m)| — 0 @s n — oo, where m € N.

In 1996, Jungck [2] introduced the notion of weakly compatible maps as follows:

Definition 1.7. Two self maps f and g are said to be weakly compatible if they commute at

coincidence points.

2. Main Results
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Theorem 2.1. Let S, T and f be three self maps of a complex valued metric space (X, d)
satisfying the following:
(2.1) SXUTX c X,
(2.2) d(Sx, Ty) = h d(fx, fy), for all x, y in X,
where 0 < h <1,
(2.3) £X is complete subspace of X.
Then S, T and f have a unique coincidence point. Moreover, if (S, f) and (T, f) are weakly
compatible, then S, T and f have a unique common fixed point.
Proof. Let xo € X. Choose a point x; in X such that fx; = Sx,. This can be done, since SX < fX.
Similarly, choose a point X, in X such that fx, = Tx;. Continuing this process and having chosen
Xp In X, we obtain Xn4+1 in X such that
Xok1 = SXok, TXoke2 = TXok+1, K=0,1,2, .. ..
From (2.2), we have
d(fXok+1, PXoke2) = d(SXak, TXok+1)
< h d(fXok, FXok+1).
Similarly,
d(fXoks2, PXaks3) S h d(PXoks1, PXok+2).
Now, by induction, we obtain foreachk =0, 1, 2, . . .,
d(fXak+2, TXaks3) = h d(fXo, FX1).
Lety,=fx,,n=0,1,2,....
Now, for all n, we have
d(Yn+1, Yn+2) = hd(Yn, Yne1)
S h?d(Y, Vo) S ... S h™Hd(yo, ya).
Now, for any m > n,
d(Ym, Yn) = d(Yn, Yn+1) + d(Ynea, Yae2) +. ..+ d(Yme1, Ym)
S[h"+ A"+ h™ Y d(yo, yi)

hn
S 1 d(¥o, Y1)

Therefore, we have
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14 s Y1 < 2= 1d (Y, 9.

Hence,

limy, 00 [d (Y, Y21 = 0,

which implies that {y,} is a Cauchy sequence. Since fX is complete, there exists u, v in X such
that y, — v =fu.

Choose a natural number N such that

d(yn, V) < g ,foralln>N.

Hence, for all n > N, using triangle inequality and (2.2), we have
d(fu, Su) = d(fu, yon+2) + d(Yan+2, Su)

= d(V, Yan+2) + d(TX2n+1, SU)

< d(V, Yan+2) + h d(fXans, fu)

< d(v, Yonea) + D d(Yanes, V) < S+ 5=
Thus, d(fu, Su) < ifor allm > 1, that is,
|d(fu, Su)| < %.
But, since m was arbitrary, so
|d(fu, Suw)| =0, implies that, fu = Su.
Similarly, by using
d(fu, Tu) = d(fu, yon+1) + d(Yan+1, Tu),
one can show that fu = Tu, it implies that, v is a common point of coincidence of S, T and f, that
is,v=fu=Su=Tu.
Now, we show that f, S and T have a unique point of coincidence. For this, assume that there
exists another point w in X such that w = fz = Sz = Tz for some z in X.
From (2.2), we have
d(v, w) =d(Su, Tz)

< h d(fu, fz) = h d(v, w), implies that, v = w.

Now, since (S, f) and (T, f) are weakly compatible, we have
Sv=Sfu=fSu="fvand Tv=Tfu=fTu = fv.

It implies that Sv = Tv = fv =t (say). Then w is a point of coincidence of S, T and f.
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Therefore, v = t, by uniqueness.

Hence v is a common fixed point of S, T and f.

Theorem 2.2. Let S, T and f be three self maps of a complex valued metric space (X, d)
satisfying (2.1), (2.3) and the following:
(2.4) d(Sx, Ty) < h [d(fx, Sx) + d(fy, Ty)], for all x, y in X,

where 0 < h < % :

Then S, T and f have a unique coincidence point. Moreover, if (S, f) and (T, f) are weakly
compatible, then S, T and f have a unique common fixed point.
Proof. Let xo € X. Define a sequence of points in X, as in Theorem 2.1, given by the rule:
fXok+1 = SXok, PXokez = TXake1, K=0,1,2, .. ..
From (2.4), we have
d(fXak+1, TXok+2) = d(SXok, TXok+1)

< h [d(fXak, Sxok) + d(FXoke1, TXok+1)]

= h [d(fXak, TXok+1) + d(FXoks1, TX2k42)], that is,

d(fXaken, Pakez) 3 —— d(fxak, Tau).
Similarly, it can be shown that

d(fXok+2, TXok+3) = % d(fXak+1, TXok+2)

= p d(fXake1, Xoke2), P = % <l
Now, by induction, we obtain foreachk =0, 1, 2, .. .,
d(fXoks+1, PXok+2) = p d(FXok, TXoks1)

< p? d(fxa, FXa) S ... 3 pP™ d(fxo, TXo).
Lety,=fx,,n=0,1,2,....
Now, for all n, we have
d(Yn+1, Yn+2) = P d(Yn, Yn+1)

S p*d(yns, Vo) 3 ... 3P d(Yo, Vo).

Now, for any m > n,
d(Ym, Yn) 3 d(Yn, Yn+1) + d(Ynea, Yae2) +. .. + d(Yme1, Ym)
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n+l +

o+ p™ T d(yo, Y1)
3 pr d(Yo, Y1)

S[p"+p

Therefore, we have

|d(ymryn)| Slz)Tp |d(YOrY1)|

Hence,

limy, o0 |d Yim> )| = 0,

which implies that {y,} is a Cauchy sequence.

Since X is complete, there exists u, v in X such that y, = v = fu.

Choose a natural number N such that

c(1

d(Yn+1, yn) < Z;h) and d(yn+1, V) < <«

12_h), foralln > N.

Hence, for all n > N, using triangle inequality and (2.4), we have
d(fu, Su) =< d(fu, yan+2) + d(Yan+2, Su)

= d(Vv, Yons2) + d(TXzn+1, SU)

S d(V, Yans2) + h [d(fu, Su) + d(fXon+1, TXon+1)], that is,

d(fu, SU) 5 = d(V, Yansz) + = d(Yane1, Yoneo)

Thus, d(fu, Su) < %for allm > 1, that is,

ld(fu, Sl <.

But, since m was arbitrary, so

|d(fu,Sw)| =0, implies that, fu = Su.

Similarly, by using

d(fu, Tu) = d(fu, yon+1) + d(Yan+1, Tu),

one can show that fu = Tu, it implies that, v is a common point of coincidence of S, T and f, that
is,v=fu=Su=Tu.

Now, we show that f, S and T have a unique point of coincidence. For this, assume that there
exists another point w in X such that w = fz = Sz = Tz for some z in X.

From (2.4), we have
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d(v, w) =d(Su, Tz)
< h [d(fu, Su) + d(fz, Tz)]
=h [d(v, v) + d(w, w)] =0, that is,
|d(v,w)| <0, implies that, v =w.
Now, since (S, f) and (T, f) are weakly compatible, we have
Sv=Sfu=fSu=fvand Tv=Tfu=fTu =fv.
It implies that Sv = Tv = fv =t (say). Then w is a point of coincidence of S, T and f.
Therefore, v = t, by uniqueness.
Hence v is a common fixed point of S, T and f.
Theorem 2.3. Let S, T and f be three self maps of a complex valued metric space (X, d)
satisfying (2.1), (2.3) and the following:
(2.5) d(Sx, Ty) = h [d(fy, Sx) + d(fx, Ty)], for all x, y in X,

whereosh<%.

Then S, T and f have a unique coincidence point. Moreover, if (S, f) and (T, f) are weakly
compatible, then S, T and f have a unique common fixed point.
Proof. Let xo € X. Define a sequence of points in X, as in Theorem 2.1, given by the rule:
fXok+1 = SXok, PXokez = TXake1, K=0,1,2, .. ..
From (2.5), we have
d(fXak+1, TXok+2) = d(SXok, TXok+1)

=< h [d(fXake1, SXak) + d(FXak, TXok+1)]

= h [d(fXak+1, PXoke1) + d(PX2k, TX2k42)]

= h d(fXak, FXok+2)

< h [d(fxak, TXake1) + d(FXake1, TXoks2)], that is,

d(fXaken, Paez) 3 —— d(fxak, Taue).
Similarly, it can be shown that
d(fXok+2, PXoke3) = 1hTh d(fXoke1, TXok+2)
= p d(fXak+1, TXoke2), P = 1hTh <l

Now, by induction, we obtain foreachk =0, 1, 2, .. .,
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d(fXok+1, TXoks2) = P d(FXok, TXok+1)
< p% d(fXaer, FXa) S ... 3 pH d(fxo, FX0).
Lety,=fx,,n=0,1,2,....
Now, for all n, we have
d(yn+1, Yne2) = P d(Yn, Ynsa)
S P2 d¥as y) 3.3 d(yo, Ya).
Now, for any m > n,
d(Ym, Yn) = d(Yn, Yn+1) + d(Yn+1, Yoe2) .0+ A(Yme1, Ym)
S[p"+p™ + .+ p™ T d(Yo, V)

3 pr d(Yo, y1).

Therefore, we have

14 G yu)| < 1= 1d 0,y

Hence,

limy, e |d (Y, y)1 = 0,

which implies that {y,} is a Cauchy sequence.

Since fX is complete, there exists u, v in X such that y, — v = fu.

Choose a natural number N such that

d(yne, yo) < S, foralln > N.

Hence, for all n > N, using triangle inequality and (2.5), we have
d(fu, Su) < d(fu, Yan+1) + d(Yzn+1, SU)
= d(v, Yan+1) + d(TX2n+1, SU)
< d(v, Yan+1) + h [d(fu, TXzn+1) + d(fXzns1, SU)]
=d(V, Yon+1) + h [d(V, Yon+2) + d(Yon+1, SU)], that is,
d(fu, Su) < d(v, Yon+1) + h [d(V, Yon+2) + d(Yon+1, V) + d(v, Su)], implies that,
d(fu, Su) 3 — d(V, Yane1) + = [A(V, Yzns2) + d(Y2ne1, V)]
<3T3T3EC
Thus, we have
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d(fu, Su) i ,forallm > 1, that is,
ld(fu, Sw)| <=
But, since m was arbitrary, so
|d(fu, Su)| =0, implies that, fu = Su.
Similarly, by using
d(fu, Tu) = d(fu, Yan+1) + d(Yan+1, TU),
one can show that fu = Tu, it implies that, v is a common point of coincidence of S, T and f, that
is, v="fu=Su=Tu.
Now, we show that f, S and T have a unique point of coincidence. For this, assume that there
exists another point w in X such that w = fz = Sz = Tz for some z in X.
From (2.5), we have
d(v, w) =d(Su, Tz)
< h [d(fz, Su) + d(fu, Tz)]
= h [d(w, V) + d(v, w)] = 2h d(v, w), that is,
|d(v,w)| <2h |d(v,w)]|, implies that, v = w.
Now, since (S, f) and (T, f) are weakly compatible, we have
Sv =Sfu=fSu=fvand Tv=Tfu=fTu =fv.
It implies that Sv = Tv = fv =t (say). Then w is a point of coincidence of S, T and f.
Therefore, v = t, by uniqueness.
Hence v is a common fixed point of S, T and f.
Example 2.4. Let X =[0,1]andletd: X x X - Cbhyd(x,y) =4 |x — y|, forall X,y € X..
Then (X, d) is a complex valued metric space.
Define the functions S, T, f: X - X by

Sx==Txandfx=2.
4 2

Clearly SX U TX = [0, 7] € [0, 5] = X.
Also (S, f) and (T, f) are weakly compatible.

Now,

d(Sx, Ty) =7 lx — 1, d(fx, fy) = 7 lx — y1.
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Clearly, forh = % <1,
d(Sx, Ty) = h d(fx, fy).

Also 0 is the common fixed point of S, T and f.
Hence all the conditions of Theorem 2.1 are satisfied.
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