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ABSTRACT

The prime ideals and prime radicals in the projective product of Gamma-rings are extensively
studied in this paper. It is shown that the projective product of any two gamma rings can never be
prime unless the two component gamma rings are factor gamma rings in which case the prime

nature cannot be predicted.
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LIntroduction:

In study of Gamma-ring theory which was introduced by Nobusawa [7] and later re-defined by
Barnes [101, different kinds of radicals play an important role. There is a very strong theory of
various radicals on general rings and Banach algebras [1,61. Many prominent mathematicians
have extended fruitfully many significant technical results on radicals of general ring to the

radicals of Gamma-ring [2,3,4,5,8,9,111.
2.Basic Terminologies:
The following terminologies are used in our main results as described below:

Definition 2.1: A gamma ring (X, I') in the sense of Nabusawa is said to be simple if for any two

nonzero elements x, y € X, there exist y € I' such that xyy # 0.

A Monthly Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories.

International Research Journal of Mathematics, Engineering and I'T (IRJMEIT)

9|Page



http://aarf.asia/irjmeit.php
http://www.aarf.asia/
mailto:editor@aarf.asia
mailto:editoraarf@gmail.com

Definition 2.2: If I is an additive subgroup of a gamma ring (X, ') and XI'I € [ (or IT X<I),
then [ is called a left (or right) gamma ideal of X. If I is both left and right gamma ideal then it

is said to be a gamma ideal of (X, ') or simply an ideal.

Definition 2.3: An ideal I of a gamma ring (X, I') is said to be prime if for any two ideals A and

Bof X, ATBESI=>AClorBCcl.

Definition 2.4: Let (X, ') be a gamma ring with left and right operator rings L and R
respectively. X is said to have a left (or right) unity if there exist

di,dy,.....,d, € X and 8,65, .....6, € I' such thatforallx € X, }*; d;8; x = x (or
L1 x6;d; = x).

X is said to have a strong left (or strong right) unity if there existd € X, € I' such that
déx = x or x6d = x for all x € X.

An ideal I of X will be called left modular (left strongly modular) if the factor gamma ring X /I
has a left unity (strong left unity). Right modular and right strongly modular ideals are

similarly defined.

Definition 2.5: A gamma ring (X, I') is said to be a prime gamma ring if xI' X' x =

0,with x,y € X implies either x = 0ory = 0.

Definition 2.6: An element a of a gamma ring (X, I') is strongly nilpotent if there exist a
positive integer n such that (al')*a = (aTal al .....aT )a = 0. A subset S of X is strongly
nil if each of its elements is strongly nilpotent. S is strongly nilpotent if there exist a positive

integer n such that (ST')"S = 0. Clearly a strongly nilpotent set is also strongly nil.
Definition 2.7: A subset S of X is an m-system in X if S = @ orif a,b € S implies

<a>T <b>NS # . The prime radical of X which is denoted by 'P(X), is defined as the set
of elements x in X such that every m-system containing x contains 0. Barnes has characterized

‘P(X) as the intersection of all prime ideals of X.

Definition 2.8: For a gamma ring (X, I'), the smallest ideal containing a is called the principal
ideal generated by a and is denoted by < a >. We have<a >=Za+al' X+ XI'a+ XTI'al' X,

where Za = {na:nis an integer}.
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Definition 2.9: Let (X D 1) and (X » 2) be two gamma rings. Let X = X; X X, and
Fr=r,xT, Then defining addition and multiplication on X and T by,
(1, 22) + (y1,¥2) = (X1 + y1,%2 + ¥2)
(a1, az) + (B1, B2) = (a1 + P1, a2 + B2)
and (x1,x2) (ay, a2) V1, ¥2) = (X104 y1, X202Y5)
for every (x1,x2), (71, y2) € X and (aq, ay),(B1,B2) € T,
(X, ') is a gamma ring. We call this gamma ring as the Projective product of gamma rings.
3.Main Results:

Theorem 3.1: If (X, I') be a gamma ring with the strong right unity d, then no proper ideal of X
contains d and hence d € 'P(X)

Proof: Since d is the strong right unity of X, so there exists a § € I such that
x6d = x forall x € X )
Let P be an ideal of X such that d € P. Obviously, P € X.

Let x € X be any element.

Then, x6d € XI'P € P [ Since P is an ideal of X 1
=>x€P [ Using (i) 1

Thus we get, x € X => x € P i.e X € P. So we get, P = X.
Thus no proper ideal of X contains d.

Since a prime ideal is a proper ideal, so no prime ideal of X contains d and so P(X) being the

intersection of all prime ideals of X does not contain d i.e d € 'P(X). Hence the result.

Theorem 3.2: For a non zero gamma ring (X, ') with the strong right unity d, if every non zero

ideal contains d, then (X, I') is prime.
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Proof: Since (X, I') is a gamma ring with the strong right unity d, so by the previous result,
there does not exist any proper ideal containing d. But in (X, '), every nonzero ideal contains d.

So the only ideals of X are 0 and X itself.

Thus we have the only options,
0ro=0,0rx=0,Xro=0andXr'x=20

The fourth option is absurd, because XI' X = 0 => X = 0, which is not true.
And the other three options show that,

AT B =0=>A=0o0r B =0, where A and B are ideals of X.

Hence (X, I') is a prime gamma ring and hence the result.

Theorem 3.3: A non zero gamma ring (X, I') with the strong right unity d can never be

nilpotent.

Proof: Since d is the strong right unity of X, so there exists a § € I such that
x6d = x forall x € X )

Since (X, I') is non zero, so d is also non zero. We show X is not nilpotent.

If possible, suppose, X is nilpotent. Then every element of X is nilpotent.

Since d € X, so d is a nilpotent element.

So, for the above § € T', there exists a positive integer n such that,

@antd=0

=>ddéd} .......do6d =0

=> (déd)s(ddd)s ... ... 5(déd) =0

=> dddb ... ... 6d=0 [ Using (i)l

=>d=0 [ By repeated application of (i) 1
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But d = 0 is a contradiction and so our supposition is wrong.

Hence X is not nilpotent and the result.

Theorem 3.4: Iivery prime gamma ring is simple.

Proof: Let (X, ') is a prime gamma ring. We show (X, I') is simple.
If possible, let, (X, I') be not simple.

Then there exists two non zero elements x,y € X such that, xyy =0Vy € I'.
let A=<x>and B =<y >.Then A and B are ideals of (X, T").
Leta € AT’ B be any element. Thena €E<x > T <y >

Sincexyy =0Vy € I',soa = 0.

Thus we get, AT'B =0

Since (X, I') is a prime gamma ring, o AT B=0=>A=00rB=0
Without the loss of generality, let, A = 0

Then, < x >= 0 => x = 0, which contradicts that x is non zero.
Thus (X, ') is simple and hence the result.

Theorem 3.5: The projective product of any two gamma rings can never be prime unless the two
component gamma rings are factor gamma rings in which case the prime-ness can not be

predicted.

Proof: In my earlier works, it is being proved that the projective product of any two gamma rings
can never be a simple gamma ring. So if the projective product of two gamma rings with the
mentioned restriction is prime, then this product is also simple, as because by the previous result

every prime gamma ring is simple as well.

For the restricted part, let (X, I') be the projective product of two gamma rings (X LT 1) and
(X 2 I 2). If there exists a prime ideal P = A X B of X, with A &€ X; and B & X,, then A and B

are prime ideals of X; and X, respectively, which is shown in result(7).
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Since, A, B and P are prime ideals of X;, X, and X respectively, so the factor gamma rings 1 / A

/ p and / p are prime gamma rings. Now, it can be easily verified that,

Xfp= XA (Xl /A) y (Xz /B)

. . . . . ¢ X S
That is, X / p is the projective product of two gamma rings 1 / 4 and 2 / p and which is prime as

well. Thus it is not possible for the projective product of two gamma rings with the mentioned

restriction to be prime and hence the result.

Theorem 3.6: L.et (H") be the projective product of two gamma rings (4Y r 1) and (X r ,) Then

any two ideals of fand 4give rise to an ideal of X and vice versa.

Proof: Let A and B be two ideals of X; and X, respectively.

Then X, T' /A S A, AT [ X; €A and X,I',BE B, BI' ,X;, €SB

SinceAC X;and B S X;,s0,C =AXBCX; XX, =X

Now, XT'C = (X; xX,)(T';, xT,)(AxB) =X, T ,AXX, T, BCSAXB=C

=> XI'C € C. Similarly, CT X < C.

So, C = A X B is an ideal of X.

Conversely, let C be an ideal of X. Then C is of the form A X B, where A € X; and B € X,.
We show, A and B are ideals of X; and X, respectively.

Since C is an ideal of X, so, XI'C € C and CT"X € C.

Now, XI'CcC=>X; XxX,)(T{XT,)(AXxB)SAXB=>XT,AxX,T ,BSAXB
=>X ' ASCAand X,I',BCS B cereeresnerereseenenesseneseenessenes(1)

Again, CT'X € C =>ATl' X, €A and BT ,X; € B veererreseesessenessessensesseeenesa(11)
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Thus from (i) and (ii), we get, A and B are ideals of X; and X; respectively. Hence the result.

Theorem 3.7: Let (X, T') be the projective product of two gamma rings (X LI 1) and (X » T 2).
Then every prime ideal of X gives rise to at least one prime ideal of X; or X, and conversely every

prime ideal of X; or X, give rise to a prime ideal of X.

Proof: Let P = A X B be a prime ideal of X. Then P is a proper subset of X, so at least one of

A and B is a proper subset of X; and X, respectively.
Without the loss of generality, let, A & X;. We show, A4 is a prime ideal of X;.
Let, I and J be two ideals of X; such that [T ,J S A=>1IT",JXB<SAXB

=>I/XBRBCSI/XBSAXB [ Since B is an ideal, so BI' ,B € B 1

=>(UxB)(T XT,)UXB)SAXB=>IT] CAXB,wherel] =IXBand] =] xB

are ideals of X.

Since A X B is a prime idealso, | T ] SAXxB=>] CAXxBor] SAXB
IfI CAXBthen| XBSAXB=>]CA

Andif/) CAXBthen] XBCAXB=>]CA

Thus weget, [T, J € A=>1SAor]J] <A

So, A is a prime ideal of X;.

Converse part: Let A and B be two prime ideals of X; and X, respectively. Then, M = A X X; and

N = X; X B are two ideals of X. We show M and N are prime ideals X.

For this, let, P = P; X P, and Q = Q1 X Q; be two ideals of X such that, PT"Q € M.
Then Py, Q1 and P,, Q, are ideals of X; and X, respectively.

=> (P; X PZ)(Fl X Fz)(Ql XQ) EM=>PT Q xXP,T,0, SAXX,

=>P 1,01 €A and P,T",0Q, € X,

Since A is a prime ideal of Xy, so, B, I' Q1 SA=>P, S Aor(Q; € A
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If Pl gAth(—‘,Ilpl XPZ QAXXZ =>PCM
Similarlyif @ S AthenQ; X Q; CSAX X, =>QC<S M
Thus M is a prime ideal of X. Similarly, N is also a prime ideal of X. Hence the result.

Theorem 3.8: If (X, I') be the projective product of two gamma rings (Xl, r 1) and (XZ, r 2),
then 'P(X;) X 'P(X,) € P(X).

Proof: We know, P(X) = Intersection of all prime ideals of X
i.e P(X) = NP, where P represents all prime ideals of X
Since every prime ideal of X gives rise to at least one prime ideal of X; or X5, so,

P(X) = NA X NB, where some A and B are prime ideals of X; and X, respectively and some are

not. Those A and B which are not prime are equal to X; and X, respectively.
= NA X NB, where A and B are some prime ideals of X; and X, respectively.

[ Since, NA, where A is either prime in X; or A = X; is equal to NA, where A is only prime X;

and NB, where B is either prime in X, or B = X, is equal to NB, where A is only prime inX; ]
2 NA X NB, where A and B represents all prime ideals of X; and X, respectively.

= P(X1) X P(X3)

Hence, P(X;) X P(X;) € P(X).
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