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ABSTRACT 

 
Somepropertiesoffuzzyβ-irresolutemapping(formerlyknownasfuzzyMβ-

continuousmapping[8])havebeenstudiedhere.Alsoithasbeenshownthatfuzzyirresolutemapping

[11]andfuzzyβ-

irresolutemappingareindependentnotions.Inthelastsectionsomeapplicationsoffuzzyβ-

irresolutemappinghavebeendiscussed. 

 
AMSSubjectClassifications: 54A40,54D99. 

 

Keywords:Fuzzyβ-openset,fuzzysemiopenset,fuzzypreopenset,fuzzyβ-compactspace,fuzzyβ-

closedspace. 

 

 

INTRODUCTION 
 

 
Throughoutthepaper,by(X,τ)orsimplybyXwemeanafuzzytopologicalspace(fts,forshort)inthese

nseofChang[4].Afuzzyset[16]AisamappingfromanonemptysetXintoaclosedintervalI=[0,1].Thesup

port[13]ofafuzzysetAinXwillbedenotedbysuppAandisdefinedbysuppA={x∈X:A(x)≠0}. 

Afuzzypoint[13]withthesingletonsupportx∈Xandthevaluet(0<t≤1)atxwillbedenotedbyxt.0Xand1Xa

retheconstantfuzzysetstakingvalues0and1inXrespectively.Thecomplement[16]ofafuzzy setA in 

Xwillbedenoted by1X\A andisdefinedby (1X\    

A)(x)=1−A(x),forallx∈X.FortwofuzzysetsAandBinX,wewriteA≤BifandonlyifA(x)≤B(x),foreachx

∈X,andAqBmeansAisquasi-coincident(q-

coincident,forshort)withB[13]ifA(x)+B(x)>1,forsomex∈X.Thenegationofthesetwostatementswill

bedenotedby A≰BandA𝑞 Brespectively.clA andintA of a fuzzyset A in Xrespectively 
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standforthefuzzyclosure[4]andfuzzyinterior[4]ofAinX.AfuzzysetAinXwillbecalledfuzzy 

semiopen[2](resp.,fuzzyβ-open[1],fuzzypreopen[12])ifA≤clintA(resp.,A≤clintclA,A≤intclA). 

Thesetofallfuzzysemiopen(resp.,β-

open)setsofXwillbedenotedbySO(X)(resp.,βO(X)).Thecomplementofafuzzysemiopen(resp.,fuzzyβ-

open,fuzzypreopen)setAinXiscalledfuzzysemiclosed[2](resp.,fuzzyβ-

closed[1],fuzzypreclosed[12]).Thesmallestfuzzysemiclosed(resp.,fuzzyβ-

closed,fuzzypreclosed)setcontainingafuzzysetAinXiscalledfuzzysemiclosure[2](resp.,fuzzyβ-

closure[1],fuzzypreclosure[12])ofAandisdenotedbysclA(resp.,βclA,pclA).AfuzzysetBinXissaidtobeaβ-

nbd[1]ofafuzzypointxt inXifthereexistsafuzzyβ-opensetU 

inXsuchthatxt≤U≤B.AfuzzysetBiscalledafuzzyβ-q-nbd[8]ofafuzzypointxtinXifthereisafuzzyβ-

opensetUinXsuchthatxtqU≤B. 

 

 
 

1. FUZZY β-IRRESOLUTE MAPPING : SOME CHARACTERIZATIONS 
 
 
 

Inthissectionfuzzyβ-irresolutemappinghasbeencharacterizedindifferentways. 
 

 

DEFINITION1.1.Afuzzy mappingf:X→Yis saidto befuzzy β-irresolute(fuzzyMβ-

continuousmapping[8])iff−1(A)isfuzzyβ-openinXforeachfuzzyβ-opensetAinY. 
 
 

THEOREM1.2.Letf:X→Ybeamapping.Thenthefollowingareequivalent: 
 

(a) fisfuzzyβ-irresolute, 

(b) foreachfuzzypointxtinXandeachfuzzyβ-opensetAinYsuchthatf(xt)≤A,thereexistsafuzzyβ-

opensetBinXsuchthatxt≤Bandf(B)≤A, 

(c) f−1(B)isfuzzyβ-closedinXforeachfuzzyβ-closedsetBinY, 
 

(d) foreachfuzzypointxtinX,theinverseofeachfuzzyβ-nbdBoff(xt)inYisafuzzy 
 

β-nbdof xtin X, 

(e) foreachfuzzypointxtinXandeachfuzzyβ-nbdBoff(xt),thereexistsafuzzyβ-

nbdCofxtinXsuchthatf(C)≤B, 

(f) foreachfuzzysetDinX,f(βclD)≤βclf(D), 

(g) foreachfuzzysetBinY,βcl(f−1(B))≤f−1(βclB). 
 
 

PROOF.(b)⇒(a).LetAbeafuzzyβ-opensetinYandxt,afuzzypointinf−1(A).Then 
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xt≤f
−1(A),i.e.,f(xt)≤A.By(b),thereexistsafuzzyβ-opensetBinXsuchthatxt≤B 

andf(B) ≤A.ThusB≤f−1(A).Wehavetoshowthatf−1(A) ≤clintclf−1(A).As 

B∈βO(X),xt≤B≤clintclB≤clintclf−1(A).Asxt≤f−1(A),f−1(A)≤clintclf−1(A). 
 
 

(a) ⇒(c). LetBbeanyfuzzyβ-closedsetinY. Then1Y \B∈βO(Y). By(a), 

f−1(1Y \B)=1X\f−1(B)∈βO(X)andsof−1(B)isfuzzyβ-closedinX. 
 
 

(c)⇒(a).Straightforward. 
 
 

(a)⇒(d).  LetxtbeafuzzypointinXandB,afuzzyβ-nbdoff(xt)inY.  

ThenthereexistsU∈βO(Y)suchthatf(xt)≤U≤B.Thenxt≤f
−1(U)≤f−1(B).SinceU∈βO(Y),by(a)f−1(

U)∈βO(X)andhencetheresult. 
 
 

(d) ⇒(e).Sinceff−1(B)≤B,theresultfollowsbytakingC=f−1(B). 
 
 

(e) ⇒(b).Let xtbeafuzzypointinXand A,anyfuzzy β-opensetin 

Ysuchthatf(xt)≤A.ThenAisfuzzyβ-nbdoff(xt)inY.By(e),thereexistsafuzzyβ-nbdC 

ofxtinXsuchthatf(C)≤A.Therefore,thereexistsU∈βO(X)suchthatxt≤U≤Candsof(U)≤f(C)≤A⇒f

(U)≤A. 
 

 

(c)⇒(f).LetDbeanyfuzzysetinX.Thenβclf(D)isfuzzyβ-closedinY.By(c),f−1(βclf(D))isfuzzyβ-

closedinX.NowD≤f−1f(D)≤f−1(βclf(D)),i.e.,βclD≤βclf−1(βclf(D))=f−1(βclf(D)). 

Therefore,f(βclD)≤βclf(D). 
 

 

(f)⇒(c).LetBbeanyfuzzyβ-

closedsetinY.PutD=f−1(B).By(f),f(βclD)≤βclf(D)=βcl(f(f−1(B)))≤βclB=B.ThusβclD≤f−1(f(βcl

D))≤f−1(B)=D.HenceD=f−1(B)isfuzzyβ-closedinX. 
 
 

(f) ⇒(g). LetB∈IY . AgainletD=f−1(B). By(f),f(βclD)≤βclf(D),i.e., 

βclD≤f−1(βclf(D)),i.e.,βclf−1(B)≤f−1(βcl(f(f−1(B))))≤f−1(βclB). 
 
 

(g) ⇒(f).LetD∈IX.By(g),βcl(f−1f(D)) ≤f−1(βclf(D))⇒βclD≤f−1(βclf(D)) ⇒ 

f(βclD)≤βclf(D). 
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THEOREM1.3.Amappingf:X→Yisfuzzyβ-irresoluteiffforeachfuzzypointxtinXandanyfuzzyβ-

openβ-q-nbdVoff(xt)inY,thereexistsafuzzyβ-openβ-q-nbdUofxt inXsuchthatf(U)≤V. 
 
 

PROOF.Letf:X→Ybefuzzyβ-irresoluteandxtbeafuzzypointinX.LetVbeafuzzyβ-openβ-q-

nbdoff(xt)inY.Thenf−1(V)(=U,say)isafuzzyβ-openβ-q-nbdoff(xt)inXsuchthatf(U)≤V. 

Conversely,letxt beanyfuzzypointinXandVbeanyfuzzyβ-opensetcontainingf(xt).Letmt  

beapositiveintegersuchthat1/mt  <t.Then0<1−t+1/n=βn  

(say)<1,foralln≥mt.NowyβnqVforeachn≥mt,wherey=f(x).Thenbyhypothesis,thereexistsafuzzy

β-opensetUninXsuchthatxβnqUnandf(Un)≤V,foralln≥mt.Put                                        

ThenU∈βO(X)s uchthatf(U)≤V. Alsoβn+Un(x)>1,for 

alln≥mt ⇒1−t+1/n+Un(x)>1,foralln≥mt ⇒t<Un(x)+1/n,forall 

n≥mt⇒t≤supUn(x)=U(x)⇒xt≤U.HencebyTheorem1.2,fisfuzzyβ-irresolute. 
n≥mt 

 

 

2. FUZZYIRRESOLUTEANDFUZZYβ-IRRESOLUTEMAPPING 
 
 
 

Inthissectionithasbeenshownthatfuzzyirresolutemapping[11]andfuzzyβ-

irresolutemappingareindependentnotions. 

 

 

Firstwerecallthedefinitionfrom[11]forreadyreference. 
 

 

DEFINITION2.1.Amappingf:X→Yissaidtobefuzzyirresoluteiff−1(A)isfuzzysemiopeninXfor

eachfuzzysemiopensetAinY. 
 

 
 

REMARK2.2.Itisclearfromthefollowingtwoexamplesthatfuzzyirresolutemappingandfuzzyβ-

irresolutemappingareindependentnotions. 

 

 

EXAMPLE 2.3. LetX={a,b},τ={0X,1X,A},τ1 ={0X,1X,C}whereA(a)= 
 

1.5 ,A(b)=0.4,C(a)=0.6,C(b)=0.5.Then(X,τ)and(X,τ1)arefts’s.Considerthefuzzymappingf:(X,τ

)→(X,τ1)definedbyf(a)=b,f(b)=a.Weclaimthatfisfuzzy 
 

β-irresolutebutnotfuzzyirresolutemapping. Thecollectionofallfuzzysemiopensetsin 
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(X,τ)is{0X,1X,A,U}whereA≤U≤1X\Aandthatofin(X,τ1)is{0X,1X,C,V}where 

V≥C.Againanyfuzzysetin(X,τ)isfuzzyβ-openin(X,τ)andthecollectionofallfuzzy 

β-opensetsin(X,τ1)is{0X,1X,C,W}whereW/≤1X\C. 

LetBbeafuzzysemiopensetin(X,τ1)definedbyB(a)=B(b)=0.6.Now[f−1(B)](a)= 

Bf(a)=B(b)=0.6,[f−1(B)](b)=Bf(b)=B(a)=0.6andsof−1(W)/∈SO(X,τ). 
 

Therefore,fisnotfuzzyirresolutemapping.Sinceanyfuzzysetin(X,τ)isfuzzyβ-

openin(X,τ),fisfuzzyβ-irresolute. 

 

 

EXAMPLE2.4.LetX={a,b},τ={0X,1X,B}whereA(a)=0.4,A(b)=0.7,B(a)= 
 

1.6 ,B(b)=0.7.Then(X,τ)and(X,τ1)arefts’s.Nowfuzzysemiopensetsin(X,τ)are0X,1X,A,VwhereV≥Aan
dthatoffuzzyβ-
opensetsin(X,τ)are0X,1X,A,UwhereU/≤1X\A.Againfuzzysemiopensetsin(X,τ1)are0X,1X,B,CwhereC
≥Bandthatoffuzzyβ-
opensetsin(X,τ1)are0X,1X,B,WwhereW/≤1X\B.Considerthefuzzyidentitymappingi:(X,τ)→(X,τ1).We
claimthatiisfuzzyirresolutebutnotfuzzyβ-irresolute 

 

mapping. 

[i−1(C)](a)=C(i(a))=C(a)≥B(a)and[i−1(C)](b)=C(i(b))=C(b)≥B(b)andB≥Ai−1(C)≥Awhichsh

owsthatiisfuzzyirresolute.ButW(a)=0.6,W(b)=0.3beingafuzzyβ-

opensetin(X,τ1)andi−1(W)=W/∈βO(X,τ)andsoiisnotfuzzyβ-irresolutemapping. 
 

 
 

3. APPLICATION

S 
 
 
 

Letusrecallsomedefinitions forready references. 
 

 
DEFINITION3.1[4].LetAbeafuzzysetinanftsX.AcollectionUoffuzzysetsinX 

iscalledafuzzycoverofAifsupU(x)=1,foreachx∈suppA.Inparticular,ifA=1X, 
U∈U 

wegetthedefinitionoffuzzycoveroftheftsX. 
 

 

DEFINITION3.2[6].AfuzzycoverUofafuzzysetAinanftsXissaidtohaveafinitesubcoverU0ifU0

isafinitesubcollectionofUsuchthat
J
U0≥A.Inparticular,ifA=1X,thentherequirementonU0is

J
U0=

1X. 
 

 
 

DEFINITION3.3[9].AnftsXissaidtobeafuzzysemicompactspaceifeverycoverof 
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Xbyfuzzysemiopensetshasafinitesubcover. 
 
 
 

DEFINITION3.4.AnftsXissaidto befuzzyS-closed[10](resp.,fuzzys-

closed[15])ifeveryfuzzycoverUofXbyfuzzysemiopensetsinXhasafinitesubfamilyU0suchthat 
I 

 

U∈U0 

clU=1X(resp.,
I

 

U∈U0 

sclU=1X). 

 

DEFINITION3.5[3].AnftsXissaidtobefuzzyβ-compactspaceifeveryfuzzycover 

UofXbyfuzzyβ-opensetsinXhasafinitesubcover. 
 
 

DEFINITION3.6[8].AnftsXissaidtobefuzzyβ-closedifforeveryfuzzycoverUofX 

byfuzzyβ-opensetsinX,thereexistsafinitesubfamilyU0ofUsuchthat 
I

 

U∈U0 

 

βclU=1X. 

 

DEFINITION3.7. AnftsXissaidtobefuzzystronglycompact[12](resp.,fuzzyP-

closed[17])ifeveryfuzzycoverofXbyfuzzypreopensetsinXhasafinitesubcover(resp., 

subfamilyU0ofUsuchthat
I

 

U∈U0 

pclU=1X). 

 

THEOREM3.8.If Xis a fuzzy β-compactspaceand f:X→Yis fuzzy β-irresolute 
 

surjectivemapping,thenYisfuzzysemicompact. 
 

 

PROOF.LetV={Vα:α∈Λ}beafuzzycoverofYbyfuzzysemiopensetsofY.Thenasfuzzysemiopensetsarefuzz

yβ-openVisafuzzycoverofXbyfuzzyβ-opensetsofY.Nowfbeingfuzzyβ-

irresolutesurjectivemapping,{f−1(Vα):α∈Λ}isafuzzycoverofXbyfuzzyβ-opensetsofX. AsXisfuzzyβ-

compact,thereexistsafinitesubfamilyΛ0 

ofΛsuchthat{f−1(Vα):α∈Λ}alsocoversX,i.e.,1X = 
I

 

α∈Λ0 

f−1(Vα)⇒1Y =f(1X)= 

f(
I

 

α∈Λ0 

f−1(Vα))=ff−1(
I

 

α∈Λ0 

Vα)≤
I

 

α∈Λ0 

Vα.HenceY isfuzzysemicompactspace. 

 

REMARK3.9.SincefuzzysemicompactspaceisfuzzyS-

closedspace,wecanstatethefollowingtheorem. 

 

 

THEOREM3.10.If Xisfuzzy β-compact spaceand f: X→Yis fuzzy β-irresolute,thenYisfuzzyS-

closedspace. 
 

 
 

PROOF.TheproofissameasthatofTheorem3.8andhenceomitted. 
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REMARK   3.11. Sincefuzzypreopensetisfuzzyβ-open,wecanstatethefollowingtheorem. 

 

 

THEOREM3.12.IfXis fuzzy β-compact space andf:X→Yis fuzzy β-

irresolute,thenYisfuzzystronglycompact(resp.,fuzzyP-closed). 

 
 

REMARK3.13.SinceforafuzzysetAinX,βclA≤sclA,βclA≤pclA,βclA≤clA,wecaneasilystatethefollo

wingtheorem. 

 
 

THEOREM3.15. IfXisfuzzyβ-closedspaceandf:X→Y isfuzzyβ-

irresolutesurjectivemapping,thenYisfuzzyS-closed(resp.,fuzzys-closed,fuzzyP-closed)space. 
 

 
 

NOTE3.16.InsteadofspacewecanstatetheTheorem3.8,Theorem3.10,Theorem3.12,Theorem3.14for

afuzzysetA∈IXalso. 
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