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ABSTRACT

The rule of trajectory structure for fourth-order nonlinear difference equation

b
XX, g+l

n+l ~— b
Xn—2 + Xn—3

,n=0,12,3,--,

where be[0,1) and the initial values X, X,,Xx,,X, €(0,), is described clearly out in this
paper. Mainly, the lengths of positive and negative semi-cycles of its nontrivial solutions are
found to occur periodically with prime period 15. The rule is 47,3",1",2",27,1",17,1"in a period.

By utilizing this rule its positive equilibrium point is verified to be globally asymptotically stable.
Keywords: Rational difference equation; Trajectory structure rule; Monotonicity; Periodicity;
Global asymptotic stability; semi-cycle length.

1. INTRODUCTION
In this paper we consider the following fourth-order nonlinear difference equation

b
XX g +1

X .=
n+1 b
Xn—2 + Xn—3

n=0123", (1)

where be[0,1) and the initial values X, X,,X,X, €(0,0).
Ifb =0, then Eq.(1) will turn into the trivial case

X,,; =LNn=0,1---. So, inwhat follows, we hypothesize that 0<b<1.

when b e (0,1),then Eq(1)can be described as a nonlinear equation instead of a rational

difference equation one .Unfortunately, we have not found the effective solution to the global
behavior of nonlinear difference equations of order greater than one. Therefore, to study the
qualitative properties of nonlinear difference equations with higher order is theoretically
meaningful.

In this paper, it is vital for us to make sure the lengths of positive and negative semi-cycles
of nontrivial solutions of EQ.(1) occur periodically with prime period 15 and the rule

47,3,1,2",2°,1",1°,1" in aperiod. Benefiting from the above rule and utilizing the
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monotonicity of solution, the positive equilibrium point of the equation is proved stable globally
asymptotically.
Essentially, we come to the following conclusion for conclusion of Eq(1).
Theorem CL The rule of trajectory structure of Eq (1) is that none of its solutions do not
asymptotically approach its equilibrium, furthermore, any
One of its solutions is either
(1) eventually trivial; or

(2) non-oscillatory and eventually positive(i.e., X, >1);or

(3) strictly oscillatory with the lengths of positive and negative semi-cycles periodically
successively occurring with  prime period 15 and the rule to Dbe

4,3,1,2,2°,1,1",1" inaperiod
Next, we will bear out the correctness of Theorem CL.
Obviously, the positive equilibrium X of Eq.(1) satisfies
X° +X
XX +1’

according to that, we can find that Eq.(1) has a unique equilibrium X =1.
Next, we will introduce some major definitions referring to this paper.

DEFININTION1.1 A positive semi-cycle {x.}._ , of asolution of Eq.(1) consists of a “string” of

terms X, X..,--, X, all greater than or equal to the equilibrium X, with 1>-3 and m<oo

such that
either 1=-3 or I>-3 and X, <X

and
gither m=o or m<ow and x_, <X

m+1

A negative semi-cycle of a solution {x }._ , of EQ.(1) consists of a “string” of terms
Xs X100 Xy, all less than X, with 1 >-3 and m<oc such that

either =-3 or 1>-3 and x ,>X

and
either m=o or m<oo and x,,,>X

The length of a semi-cycle is the number of the total terms contained in it.

DEFINTION 1.2 A solution {x.}_, of Eq.(1) is said to be eventually trivial if x_ is

A Monthly Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories.
International Research Journal of Mathematics, Engineering & IT (IRIMEIT)
Website: www.aarf.asia. Email: editoraarf@gmail.com , editor@aarf.asia

Page 16


http://www.aarf.asia/
mailto:editoraarf@gmail.com
mailto:editor@aarf.asia

INTERNATIONAL RESEARCH JOURNAL OF MATHEMATICS, ENGINEERING & IT
VOLUME-1, ISSUE-7 (November 2014) ISSN: (2349-0322)

eventually equal to X =1; Otherwise, the solution is said to be non-trivial. A solution {x }. . of

Eq.(1) is said to be eventually positive(negative) if x iseventually great(less) than X =1.

For the other concepts in this paper and related work, see [3,4] and [1,2,5-10], respectively.

2. THREE LEMMAS
In order to improve the main result, we first establish three basic lemmas

LEMMA 2.1 Asolution {x }._ , of Eq.(1) is eventually trivial if and only if

(X—s _1)()(_2 _1)(X_1 _1)(Xo -1)=0. 2.1

Proof. Sufficiency. Assume that (2.1) holds. Then it follows from Eq.(1) that the following
conclusions hold.

i) if x,—-1=0,then x =1 for n>7;
i) if x,-1=0,then x =1 for n>4;
iii) if x,-1=0,then x, =1 for n>5;

iv) if X,-1=0,then x, =1 for n>6;
Necessity. Conversely, assume that

(X5 =D(x, —D(x, —(x,—1) =0. (2.2)
Then one can show that

X, =1 forany n>1.

Assume the contrary that for some N >1

Xy =1 and that x, =1 for -3<n<N-1. (2.3)
Obviously,
1oy - Xp o Xy_q +1
N 1
Xz—s + Xn_a
And it means

(X3_s —D)(Xy_, —1) =0, which contradicts (2.3).

REMARK 2.1 Lemma 2.1 actually demonstrates that a solution {x },_, of Eq.(1) is

eventually nontrivial if and only if

(X5 =D(x, =D(x; —D(%, -1 =0.
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Therefore, if a solution {x }._ , isnontrivial, then x =1 for n>-3.

LEMMA 2.2 Let {x,},_, be a nontrivial positive solution of Eq.(1). Then the following

conclusions are true:

(a) (Xn+1 _1)(Xn—2 _1)(Xn—3 _1) >0 forn>0 ;

() (x,;—x%,,)(X, ,-1)<0 forn>0.
Proof In view of Eq.(1), we can see that

b
B P )
Xn—2 + Xn—3

=01

and

_ X )@ %s) g

X b ,
X2t X3

X n-3

n+1—

From which inequalities (a) and (b) follow. So the proof is complete.
LEMMA 2.3 There exist non-oscillatory solutions of Eq.(1), which must be eventually positive.
There don’t exist eventually negative non-oscillatory solutions of Eq.(1).

Proof Consider a solution of Eq.(1) with x,>1,x,>1x,>1 and x, >1.We then know from

Lemma 2.2(a) that x, >1 for n>-3. So, this solution is just a non-oscillatory solution and

furthermore eventually positive.

So does a positive integer N such that x <1 for n>N . There out,

forn>N+3,(x,,, —D(X, , (X, ;—1) <0.This contradicts Lemma 2.2(a). So, the possibility of
existence of eventually negative non-oscillatory solutions of Eq.(1) is zero.
3. MAIN RESULTS AND THEIR PROOFS

First we analyze the structure of the semi-cycles of nontrivial solutions of Eq.(1). Here we
confine us to consider the situation of the strictly oscillatory solution of Eq.(1).

THEOREM 3.1 Let {x,}._ , be any strictly oscillatory solution of Eq.(1). Then, the lengths of
positive and negative semi-cycles of the solution periodically successively occur with prime
period 15. And in a period, the rule is4™,3",1*,2%,2",1",1",1".

Proof By Lemma 2.2(a), one can see that the length of a negative semi-cycle is not larger than 4,
whereas, the length of a positive semi-cycle is 3 at most. Based on the strictly oscillatory

character of the solution, we see, for some integer p >0, one of the following four cases must

occur.
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Casel: x,,<lx,,>1Xx,,<Lx,<1;

Case 2: X, ;<lXx,,>1x,,<Lx,>1;

Case 3: X, 3<lXx,,>1x,,>1x,<1;

Cased: X, ;<lx,,>1x,,>1x,>1.

If Case 1 occurs, it follows from Lemma 2.2(a) that
Xp3 <LX, , >LX, 5 <LX, <L X, <X, <X, ,>LX,,>LX, s >LX s <LXx,;>1

pis L Xp0 <L X0 <L Xp 00 >L X000 <L X005 > X0, <3 X 05 <L X6 <X 47 <1

pias > L X0 > LX) 00 > L X000 <LX) 00 > L X0 0s > LX) 00 <L X 05 <L X 06 >1,X,,,; <1, which

p+28 > l’ Xp+29 < 1’ Xp+30 < l’ Xp+31 < 1’ Xp+32 < l’ Xp+33 > 1’ Xp+34 > l’ Xp+35 > l’ Xp+36 < 1’ Xp+37 > 1’

X
X
X
Xpias > L Xp 00 <L X 00 <L X0 >1,00,

p+38 p+41

means that the rule for the lengths of positive and negative semi-cycles of the solution of Eq.(1) to
successively occur is ---,47,3",15,2",27,17,1°,17,---.

If Case 2 happens, then Lemma 2.2(a) tells us that

<IXx ,<Ix . >1x .>1x _.>1

<1’Xp+3 1 p+4 1 2 p+5 1 p+6 1 p+7

Xp s <L X, , >L X, <L X, >1x,, <1X

p-1 p+1 p+2

o8 <L Xp 0 >L X 00 >L X0y <L X 00 <L X0 > 1 X0, <L X 05 >1 X 06 <1 X7 <1,

<L X0 <L X5 >1X >1 X, .6 <L X ., <1, which

X
Xoi1s <4 X9 >1, X0 > L X 03 <L X0 > 1, X
X
X

p+21 1 p+23 p+25 p+26 p+27

p+28 > 1’ Xp+29 < l’ Xp+30 > 1’ Xp+31 < 1’ Xp+32 < 1’ Xp+33 < l’ Xp+34 < 1’ Xp+35 > 1’ Xp+36 > l’ Xp+37 > l’

0438 <1, Xp30 >1, Xp140 >1, Xpia1 <1,
means that the rule for the lengths of positive and negative semi-cycles of the solution of Eq.(1) to
successively occur is ---,47,3",1,,2",27,1",1°,17,---.
This shows the rule for the numbers of terms of positive and negative semi-cycles of the solution
of Eq.(1) to successively occur still is ---,47,3",1",2",27,1",1",1,---
If Case 3 happens, then Lemma 2.2(a) implies that

<l x .>1x .<1x ,>1Lx . <1x .<1lx ,<l1,

p-3 <1’ Xp—2 >1x >1’ Xp <1' Xp+1 1 p+2 1 p+3 1 p+4 1 " p+5 1 p+6 1 p+7

1 Ap-1

pi8 <L X0 >L X000 >L X000 > L X000 <L X5 > 1 X0 > 1 X005 <L X6 <1 X, > 1,

<L Xp19 > L X020 <L Xpi00 <L Xpi00 <L Xp 08 <L Xo00 > 1 X055 > 1 X106 > 1 X, 57 <1,

p+28 > 1’ Xp+29 > 1’ Xp+30 < 1’ Xp+31 < 1’ Xp+32 > 1’ Xp+33 < 1' Xp+34 > l’ Xp+35 < 1’ Xp+36 < 1’ Xp+37 < 1’

p+38 < 1’ Xp+39 > 1’ Xp+40 > 1’ Xp+41 > 1’ T

This shows the rule for the numbers of terms of positive and negative semi-cycles of the solution

of Eq.(1) to successively occur still is ---,47,3",1",2",27,1",1",1",---
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If Case 4 happens, then it is to see from Lemma2.2 (a) that

<L x .>1x .>1x ,<Ix . <Ix . >1x ,<1

p-3 <1’ Xp—2 >1x >1’ Xp >1’ Xp+l 1 M p+2 1 p+3 1 p+4 1 p+5 1 p+6 1 Np+7 d

1 p,l
pis > L X0 <L X0 <L X0 <L Xpn <L X0 >L X0 >1 X0 > 1 X 06 <L X7 > 1,

p+18 > 1’ Xp+19 < 1’ Xp+20 < 1’ Xp+21 > 1’ Xp+22 < 1’ Xp+23 > 1’ Xp+24 < 1’ Xp+25 < 1’ Xp+26 < 1’ Xp+27 < 1’

p+28 > 1’ Xp+29 > 1’ Xp+30 > 1' Xp+3l < 1’ Xp+32 > 1' Xp+33 > 1’ Xp+34 < 1’ Xp+35 < 1’ Xp+36 > 1’ Xp+37 < 1'

p+38 > 1’ Xp+39 < 1' Xp+40 < 1’ Xp+4l < 1' s

This shows the rule for the numbers of terms of positive and negative semi-cycles of the solution
of Eq.(1) to successively occur still is ---,47,3",15,2",27,1",17,1,---

Hence, the proof is complete.
Now, we present the global asymptotical stable results for Eq.(1).

THEOREM 3.2 Assume that a [0,1). Then the unique positive equilibrium of Eq.(1) is globally

asymptotically stable.

Proof When b=0, Eq.(1) is trivial. So, we only consider the case b >0, and prove that the
positive equilibrium point X of Eq.(1) is both locally asymptotically stable and globally
attractive. The literalized equation of Eq.(1) about the positive equilibrium X =1 is

Yo :O'yn +0'yn—l+o'yn—2+0'yn_3an=011;"'-

By virtue of [4, Remark 1.3.1, P13], X is locally asymptotically stable. It remains to be verified

that every positive solution {x } _ , of Eq.(1) convergesto X as n—oco.Namely, we want to

prove
limx, =x=1. (3.1)

e
If the initial values of the solutions satisfy (2.1),i.e. the solution is a trivial solution, then
lemma2.1 says that the solution is eventually equal to 1 and of course, (3.1) holds.
If the solution is a non-trivial solution, then we can further divide the solution into two cases.
a) Non-oscillatory solution;
b) Oscillatory solution.

If case a) happens, then it follows from Lemma 2.2 that the solution is actually an eventually

positive one. According to Lemma2.2 (b), we see that X,,,X,, ;. X,,, and X, , are eventually

decreasing and bounded from the upper by the constant 1. So the limits
IimX4n =G, Iimx4n+l =L, Iimx4n+2 =M and IimX4n+3 =N

N—o0 nN—o0 N—o0 N—o0

Exist and are finite. Noting

b b b b
X — X4n—2X4n—3 +l — X4n—3X4n—4 +l — X4n—lx4n—2 +l and — X4nX4n—1 +1
4n+1 b '4n b 14n+2 b ! 4n+3 b
X4n—2X4n—3 X4n—3X4n—4 X4n—lX4n—2 X4nX4n—1

and taking the limits on both sides of the above equalities, respectively, one may obtain
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MP°L+1 L°G +1 N°M +1 G°N +1
BV 12 =T M =—5——-, and N=—3 :
M®+L L+G N°+M G°+N

Solving these equations, we getG =L =M = N =1, which shows (3.1) is true.
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