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Application of (4,3)- jection operator in exponential function
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Abstract:- In this paper, we use (4,3)- jection operator which is the generalisation of projection operator, projection
defined in G.F. simmons [1]. We have define B, where B is a (4,3)- jection operator on a vector space V. We
calculate the value of e"8, n being any integer. We consider some theorems. We define hyperbolic function involving a
(4,3)-jection B .We deduce properties of hyperbloic function such as cos#2B= cos #*B + sin #/*B. We next define
sinB, cosB etc and establish formulae analogous to results in trigonometry. We introduce differentiation of e*® and
show differentiation of cos(hxB) and sin(hxB).
Key words:- vector space, projection operator, exponential function, (4,3)-jection operator.
1. Introduction :-Let B be a linear operator on a vector space V. Then B is (4,3)-jection if B* = B*. In
this paper we defined exponential function of (4,3)- jection operator.
2. Definition and some result:- Let B be a (4,3)- jection operator on a vector space V. [2].
i.e. B*=B?
We define,

B B2  B® B* BS B
e’=1+B+—+ —+—+—+—+ -
2 31 4l 51 6!

B2 B B® B® B®
At — t eeeees ( As B* = Bfrom above)

Now ,eP=1+B+
20 31 4l sl 6

_ B? 1,1 ,1 1
_|+B+E+B3[§+Z+§+a+ -------- ]
2
=[I+B+’Z—!+B3{(1+1+%+%+i+$+é+ -------- )—(1+1+%)}]
2
eB= 1+ B+ 2+ B [o — J]mrmmromemm e (2.1)

Therefore, (e®)?2=[1+B+ BZ—T +B3 {e _g}]2

= 2eB% BV (B3 e = B B2 5 Bp3 . 5 3(e_® B?
= [[“+B +{§} +{B (e 2)} +21B+2B—+2.—B (e 2)+2.B (e 2).I+2.I.2 +
28.8% (e — )]

4
=[I%+ BZ+BT+B6(e —§)2+ 2.B+B3+B° (e —;) +2. B3 (e —§)+ B?+2B* (e —g)]

3
=l +B2+BT+B3(e _g)z +2.B+B3+B3 (e —;) +2. B3 (e - §)+ B?+2B3 (e —g)]
=[I+2.B+2B2+B3{%+e2+%— 2.e.§+1+e—§+2.e—5+2.e—5}]
~ (eB)2=[1+2.B+2B%*+B3{e? -5 }]

Now Also, (e8)3 = eB.(eB)?

2
=[1+B+2+B3{e—}.[1+2.B+2B%+ B3 {e? -5 }

' B? 2B3 2B* BS
=1+2.B+2B*+B3(e? -5 ) +B+2B*+ 2B% + B*(e? -5 )+ —+——+——+—(e? -5) +
B3(e—2) + 2.B*(@e —3) + 2B5(e—2) + BS(e —). (e? - 5)

2 3
=1+ 2.B+2B? + B3(e? -5 )+B+2B2+2B3+B3(e2—5)+B7+B3+B3+B7(e2—5)+

B3(e—2)+2B3(e—3) +2B3(e =) + B3(¢? — Se — 2%+ 2)
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- (63)3:[I+3.B+%BZ+B3(33—%)]
Therefore (e8)* =ef.(e?)3

2
=[1+B+2 +B3 {e—2}].1 + 3.8+ B2+ B3(e? - )]
- B2 pap, S 2 .3p3 4fa 5y 1 %p2, 2p3,%2pa, O p5p, 5
=[l+B+ - +B°{e—"}+3B +3B? + B% +3B*{e -2} + - B+ —B*+-B*+-B*{e —}

17 17 BS 17 17 5
+B3{e® =} +B¥e® -} +—H{e® -} + B{e* ——He -2}
= [l +4B + 8B? + B3{e* — 13)]
. (eB)*=[1+4B + 8B% + B3{e* — 13)]
Thus (eB)* = (eB)3
Therefore e® is not a (4,3)—jection.
Next, we assume

(eB)"=[1+nB + = 82 + B3{e" —”(””)

- 1]
) P (2.2)

n?+2n+2

e"=1[l1+nB +7B2 + B3{en —
NOW, (eB)n+1 — (eB)n X (eB)
2
Then, [I + B + % +B3 {e —2}]n+l
2 ) 2
=0+ B 4B fo 1+ B+ 5450 {e =)

2
=[1+nB+=— BZ+B3{ n @—1)] [I+B+Z—!+B3{e—§}]
=[I+nB+7BZ+B3(e”—w—1)+8+n32+£33
+B4(en_m_1)+3_2+n3_3+_34 (n M 1)

2 2 2

+ B3 (e— E) +nB* (e ——) +_BS (e _E) + B6 e— 2)( n_ n(n+2) — 1]

2
=1+ (n+1)B+ w +B3(em 1+ e (24343 e(n + L _nnaDy, ntD
n_2 _ n(n+2) n, n_2 _ n(n+ 2) 5n E 5n(n+2) 5
2 2 2 24 4 2 4 ) ) ]
=1+(n+ 1)B+@+B3(e”+1 + M_g)
=1+(n+ 1B+ B%(n+1)? + B3(emt! — n +zn+5)
=1+ (n+ 1)B+M + B3(ent! — %_ 1)
=l+(n+1)B+ —B (”+1) + B3(e™*! — —(n+1)2(n+3) -1)
2 2
Thus (eB)™+! = | + (n +1)B + B (nz+1) + B3 (™t — (n+1)2(n+3) ~1)
By Induction, for any positive integer n.
Now, we discuss some particular cases
2
If (eB)" = [1 + B+ 2+ B3 {e—2}]"; (from 2.1)
e™ =[I +nB + BZ +B3{ n M2 om0 0)
If we putting n = 0 in (2.2) then,
e% =[1+0.B + %BZ +B3{e" — —02”2'0”)]
e® = | where 0 is zero operator
So relation holds whenn =0
We take n = —nin (2.2) then,
i.e. when n is negative integer.
—nB (-n)? 5 3r.—n  (—m)2+2(-n)+2
=1+ (B + B 4 B - )]
B —[| —nB + BZ +B3{e" — ‘2”*2)] (2.3)
Wetake B =1in (2 2) then,
2
nI _[I + nl + 12 + 13{6 n +2n+2)]
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n?+2n+2

2
SIL+n+ =+ {e — =]
e™M=le™ or e™l

Theorem(2.1):-

enB X e—nB: |
Proof: we have,
2
eB=1+B+Z +B3[e -3
2! 2

2 2
enB — [| +nB +n_Bz + B3{en _n +2n+2):|
2 2
Now, e™B x ¢~"B
2 2 2 2_
=[1+0B+ 2B + B3(en —%n [ - + 2 B2 4 3(en — W22y,

=[I —nB + ”7232 + B3(e-n 2””) +nB—n2B? + ~ B3 +nB*e " - %) + ”;Bz _ ”2_333
+ %434 +n_335( - 2n+2) + B3(en w) _ nB4(en _ n2+zn+2) +nz_235(en B n2+§n+2) N
BS(en — ™ +2n+2)( n _2n+2)

=[|+7BZ +B3(e_n— 2n+2) n2B? + 3B3+nB3(e_n 2n+2)+—BZ 23B3+,;_434+
%333(9—71 2n+2) + B3(en — w) _ nB3(e" — n2+2n+2) N 7B~°’(e" B n2+§n+2) N

_ 2
B3{e"e ™ — " (”TZ””) —e () Ll 4 2n+ )P - 20 +2)}]  (As B*=BY)

2 2 2_ 3 2_ 3 4 3
= [1+ B2 —n?+%) + B{em -T2 4 T n(e‘”—nz—””) i CaL
2n+2) + (e _n2+zn+2) ~ n(en _n2+zn+2) + n;(en n +2n+2) + 1 —en (n2—§n+2)
-n (nf—n”) +2 (" —2n° +2n% + 2n° — 4n® + 4n + 2n® — 4n + 4)}]

2_ 3 2_ 3 3 2_
[+ B3{e‘n—$ + “? Fnem - L Iy e ST o (on

n2+2n+2) — n(e" — n? +2n+2) v ( n_n +2n+2) +1 e (n2_2n+2) e (n2+2n+2) +1 (n4+4)}]
2 2 4
= |, after simplification.

Theorem(2.11):-

e"B x egMB = e(n+m)B

n?+2n +2

Proof: Lete™ =[I+nB +—B2 + B3{e" — n 2y
And e™B=[1 + mB + = B2 + B3fem — Mt 2Imt 2y
2

Then, e™B x e™B

=118+ B 4 5 — T [ mB + B v B — T
=|+mB+2 B2+B3{e M)+n8+nm32 712&233

+ nBt(e™ _m +2m+2) + B3 4 B4+ —B3( m2+§m+2)

+ B3(e™ — n? +2n+2) + B4(e n? +2n+2) +m Bs( n _n+z—n+2)

+ B6(en _ n? +2n+2)( m _ m2+zm+2)]

= +(n+m)B+@B2 + B3(e™t™ —nm—n—m—nz—z— mTZ— 1]

2 24m2
=[l+(n+m)B+ @m)” p2 o B3 (en+m _ IEAmItanmA2n+2m 2y
2 2

2 2
(n+m) B2 + BS(en"'m _ (n+m) +z(n+m)+2)]

=[l+(n+m)B+
ie enB X emB - e(n+m)B

Theorem(2.111):-

If A and B are two (4,3)-jection then e4e? = e4*B when AB = BA=0
Proof: Let A and B (4,3)- jections, so that
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eB:[I+B+i—?+B3 {e—g}]

A 42 3 5
=[l+A++A" {e—-}]
Then we find that,

B[+ A+ T4 {e =1+ B+ 5 +B{e—3)]
=[I+B+B—2+B3 {e—§}+A+AB+
D+ Bl -3+ 5 (e——)+A3<e——)B3(e——>]

2 2
eA+B:[|+A+B+—+—+

BB (o~ %) 4B~ )+ o - e 4o - DB e - ]

We need A +Btobea (4 3)— Jectlon
ie.(A+B)*=(4+B)3

A* + 4A%B + 6A%B% + 4AB3 + B* = A% + 3A’B + 3B?A + B3
Assuming A, B commute this possible when AB =0 = BA

Then e4ef = ¢4*B
3. Projection operator

Definitions:

AB?

— + AB3(e — —)

AZB
2

A%B?

A3(e——) + B3 {e——} +AB + 22

A?2B3 5 3
o A

2
+AB3(e—§)+%+

Let L be a linear space. Let B be a projection on L. then B is a linear transformation from L into L

such that B> = B

; B2  B® B* BS B
Define, ef=1+B+—+ —+—+—+—
2l 31 4l 51 6!

B B B B B
2! 31 4! 5! 6!

_|+B(1+ L T
2! 31 4! 5! 6!

T =T

Theroem(3.1):

If B is a (4,3)—jection then B is also a projection.
Proof :- Let B is a (4,3)-jection, then we have

e? =[1+B+2+B% fe—3)]
=[|+B+§+B{e—§}], ifB?=B

=1+ B(e- 1) from (3.1) which show that B is also a projection

eB =1+ B(e-1);itisa projection.
Theorem (3.11):

If B is a (4,3)—jection, then B? is also a projection .
Proof :- Let B is a(4,3) jection then we have

eP =[1+B+5 4B fe—3}]
eB'= 1+ B2 + C2 4 (523 fo -3

=[l+B%+ ; +B6 {e _E}]’ from (3.1) as B? = B then

=[1+B+5+B{e-3)]
eB’= 1 + B(e - 1); it is a projection.

Theorem(3.111):

If Bis a (4,3)—jection, then (I — B?) is also a projection.

Proof:- Let B is a (4,3)-jection, then we have

P =[1+B+2 + B3 fe -3}

© Association of Academic Researchers and Faculties (AARF)

A Monthly Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories.

Page | 85



e = (1= B2 + S (- B {e—3)]
:|+(|—132)+’+Bzﬂ+(13 B® — 312B% + 3B*I){e — 2}From (3.1) as B? = B then

e@=B%) =| +B(e - 1); it is a projection.
4. Definition of a hyperbolic function of (4,3)-jection operator and some results.

2 4 6
COS AB = |+ b T e . (if B4=B3)
B? B®  B®
Sl —F — A — o
21 4l el
_ B? 3r1 1
—|+E+B [Z"'a ----------------------------------------------- ]
_ B? 3 1,1, 1 1
—|+—'+B[(1+—'+Z4‘a ------------ )—(1+z)]

-1
-|+—+B3[e+§ -]

coshB =1+ %+B3[cosh1— 2]

3 5 7
And sinhB=B+2 + B2 4B ; (if B*= B3)
3l 51 7l
3 3 3
sinhB = B+—'+B—+B— _____
TR {
_ 3 1,1
=B+RB [5+a+; ------- ]
— 3 1 1 1
—B+B [(1+;+;+; _____ )_1]

_ 3re—e’! _
=B+B[——— 1]
sinhB =B + B3[sinh1 — 1]
When B is projection; i.e. B>= B
Then,cos hB =[I + z—? + B3[cos h1l — %]; (B? =B)
=1+ 2+ B[coshl — E]
2! 2

coshB =1+ B[coshl — 1]
And, sinhB = B + B3[sinhl — 1]; (B* = B)

=B + B[sinhl —1]
sinhB =Bsinhl
sin hB + cos hB

2
=[B + B3{sinh1—1}]+[l + %+ B3{coshl — ;}]
) !
=[I+B+2—'+B3{sinh1—1+cosh1— ;}]

2

sinhB+coshB=[|+B+%+B3(e—g)] (4.1)
cos hB — sin hB

2
=[1 + 2+ B*{cosh1 — 2}] — [B + B3{sinh1 — 1}]

2
=[1 + 2+ B*{coshl — 2} — B — B3{sinh1 — 1}]

’ 2
=[1 =B + 2+ B*{cosh1 — 2 —sinh1 + 1}]

et+e” 1 _e- e~ 1 1

=[I—B+—+B{ -
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B? _ 1
=ll—=B+ —+B%*e™' — -]

coshB —sinhB=[l -B + 2+ B3 e~ — ] ~(4.2)
Theorem (4.1):- cosh?B —sinh?B = |
Proof : L.H.S

cos h?B — sin h?B
= [sinhB + cos hB ][cos hB — sinhB | (from 4.1 and 4.2)

- B 3, 5\ —B 4+ Blep3re-1_ 1
=[1+B+—+B>(e =] [l =B + —+B*{e 1

2 3 2 3 4 5
=l —B+ = +Bel- 3 +B —B 4+ —4+BHel- J+ -4+ + (e - 3+
5 5\ , BS 5 5 - 1 .
B (e=3)-B*(e~3)+ 5 (e=3)+ B (e=3) e = 1 (if B*= B?)
2 3 2 3 3 3
=l —B+ = +Bel- 3 +B —B 4+ T +Bel- J+ -4+ + (e - 3+
3(e—3) B3 (e -3 +2 (e —5)+B3(ee-t &L _5¢" 5
B (e 2) B (e 2)+2(e 2)+B (e.e 2 2 +4)]
=[1 =B*(0)]
Hence; cos h?B — sin h?B = |
Adding (2.2) and (2.3) we get
2 2 2_
enB+e—nB=[2|+2_%BZ+B3{en+e—n_n +§n+2_n 22n+2}]
2 2 2_
=[2|+2-%BZ+B3{en+e—n—(n +2n+2-;n 2n+2}]
2 2
2cos hnB = [21 + 22 B? + B3{2cos hn — (*=7}]
le 2 3 n2+2
cos hnB = [I +—B* + B*{cos hn — (——)}]---- (4.3)

Subtract (2.2) and (2.3) we get
2 2
e — e =[I+nB+=-B? + B*{e" — ] - [1 —nB+=-B%+B3{e™" —

2 2_
e — "B =[2nB + B3{e" —e " - +§n+2 + = 22n+2}]

enB _ ¢~nB — [2nB + B3{e" —e " — n?+ 2n+2—n?+2n - 2}]
2
e — e™B =2nB+ B3{e" —e " — 4Tn}]
2sinhnB = [2nB + B3{2sinhn — 2n}]
sinhnB = [nB + B3{sin hn - n}]---------------=--m-mmmeee - (4.9)
Now, we establish some formulae analogous to trigonometry
Putting n = —1 in (4.3) we get
cos h(~1)B = [I + S BZ + B*{cos h(~1) — (23]
coshB =l + %BZ + B3{cosh — ;}]
i.e. cosh(—1)B =cos hB
Again putting n= —1in (4.4)
sinh(=1)B =[(-=1)B+ B3{sinh(-1) - (-1)}]
=[-B+ B3{—sinhl + 1}]
= —[B + B3{sinhl —1}]
sinh(—1)B = —sinhB
Now putting n = 2 in (4.4) we get
sinh2B =[2B+ B3{sinh2 — 2}]
sinh2B =[2B+ B3{2sinhl cos hl — 2}] (4.5)
Again puttingn=2in (4.3)
2)?% ,, 3 22 42
cos h2B =l +<-B°+B {cosh2 —( > H
cos h2B =[l + 2B? + B3{cos h2 — 3}] (4.6)
Theorem (4.11):- sin h2B = 2sin hB cos hB
Proof :- R.H.S
2sin hB cos hB

n%+2n+2 n?-2n+2

oty
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=2[B + B3(sinhl — )] [l + 2+ B3(cos h1 — )]

5
= 2[B+B3(sinh1—-1) + i—? + %(sinhl —1) + B*(coshl — %) +B®(sinh1 — 1) (cos h1 — g)
(if B*= B%)

3 3
=2 [B+B3(sinhl1—1) + % + %(sinhl —1) + B3(coshl — %) + B3(sinh1coshl —%sinhl —
coshl + %)]
=2 [B + B3{sinhlcoshl —1}]
2sin hB cos hB = [2B + B3{2sin h1 cos h1 — 2}] from (4.3)
sinh2B = 2sin hB cos hB
Theorem (4.111):- cos h2B = cos h?B + sin h?B

Proof :- R.H.S
cos h?B + sin h?B

2
=[I + =+ B3[coshl — 3|2 + [B + B3(sin A1 — 1)]?

2, (B%2 3 3\y2 B? B? 13 3 3 3 2
=1+ (;) + {B°(coshl — 5)} + 20—+ Z.F.B (coshl — E) +2.1.B°(cos h1 — 5) + B“ + 2.B.
B3(sinh1 — 1)] + {B3(sinh1 — 1)}?

B* 6 3.2 B2 BS 3 3 3 2 Ly
=1+ -t B°(coshl — E) + 2l 42 (coshl — E) +2.B°(coshl — 5) + B“+ 2. B*(sinh1 —
1)] + B(sinh1 — 1)%(if B*= B3)

3

=1+ BT+ B3(cos h?1 + 3—3cosh1)+ B? + B3(coshl— ;) +2B3coshl — 3B3 + B? + 2.
B3sinhl — 2.B3 +B3 (sinh?1 + 1 — 2sinh1)
=1+ 2B? + B3( cos h?1+ sin h?1 — 3)
=1+2B? + B3(cos h2 — 3) from (4.4)
=cos h2B

Hence, cos h2B = cos h?B + sin h?B
5. Sine and cosine function of opeators :-

Next we define sine and cosine functions

Let sinnB = % sin hinB

= ~[inB + B (sin hin — in)]

== [inB + B*(i sinn — in)]

=[nB + B3(sinn —n)]

sinnB = [nB + B3(sinn —n)] (5.1)
And, cos nB = cos hinB

2 .
cosnB =l + %BZ + B3{Cos hi ((m)2 + 2}]
— 2 _ 3
- [l +%B2 + B3{COSTI — (%}]
= 2 2_
cosnB =l _%BZ + B3{cos (n)2 2}] 5.2)

If B is projection then,

sinnB =[nB + B(sinn—n)] (ifB>=B)

sinnB =B sinn

cosnB =l —%B + B{cosn + (n)ZT_Z}( ifB2=B)
=l —%B + Bcosn + gB — B]
=[I+B(cosn —1)]

cosnB =[l+ B (cosn — 1)]

Putting, n=1in (5.1) and (5.2)

sinB1=[1B + B3(sin1 —1)]

sinB =[B + B3(sin1 —1)]
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2 2
And, cos B1 = [I -2 B2 + B3 {cos 1 + LYy

cos B =l —%BZ +B3{cos1— %}]
Putting, n =2 in (5.1) and (5.2)
sin2B = [2B + B3(sin2 — 2)]

2 2_
cos 2B =l —%BZ +B3{cos2 + %}]
cos 2B =[I —=2B% + B3{cos 2 + 1}]

.B% B* .B5 B°

; . B2 . :
Now, eB=1+iB —=——i—+—+i— — — + - (if B* = B®)
20 31 4l sl el

By +ir B2 L p3(,i_ i 1
e’=1+iB—-—+B(e'—i—7)

_ . B? 3 . .1
=1+iB-—+B (COSl-I-lSlnl—l—E)
| 2
=[1 ==+ B3(cos 1 —3) + iB+ B (isin1 — 0)]
2

=[1 - +B3(cos 1 — )] +i[ B+ B3 (sin1— 1)]
e'®=cosB +isinB
We establish formulae analogous to trigonometry.
Theorem (5.1):- (cos B)? + (sinB)? = |
Proof :- L.H.S (cos B)? + (sin B)?
Using relations, [I —>B% + B*{cos1— 1% +[B + B*(sin1 — 1)]?
=[12+ (—3B%)? + {B3(cos1— )} + 2.1 (—5B?) — 2.2B2B%(cos 1 — ) + 2.1 B¥(cos1— 2) +
B? +{B3(sin1 —1)}?+2.B.B3(sin1 — 1)]
=[1I +iB4 + B%{(cos1)? + %— 2cos 1}- 2.%32) — 2.%Bs(cosl - %) +2 B3(cos1— %) + B? +
B®{(sin1)? +1—2sin1} + 2B*(sin 1 — 1)](if B* = B3)
=[1I +iB3 + B3{(cos1)? + %— 2cos 1}- 2.%32) — 2.%33(c051 - %) +2 B3(cos1— %) + B? +
B3{(sin1)? +1—2sin1}+2B3(sin1 — 1)]
=[I + B3{(cos1)? + (sin1)? —1}]
=[1 + B3{0}]
Hence, (cos B)? + (sinB)? = |
Theorem(5.11):- cos 2B = (cos B)? — (sin B)?
Proof :- R.H.S

(cos B)? — (sin B)?
=[sinB + cos B ][cos B —sinB ]
=[{I —3B% + B3(cos1— )} +{ B +B3(sin1— D} [{I —5B% + B3(cos1— )} —{B +
B3(sin1 —1)}]
=[1 —5B2 + B*(cos1— )+ B +B*(sin1—1)][I —3B% + B3(cos1— 3)— B —
B3(sin1 —1)}]
=[1 + B—3B% + B3{cos1+ sinl— D}l — B—B? + B*{cos1— sin1+ )}
=1 — B—>B% + B3cos1— sin1+ )}+B — B2 —~B% + B*{cos1— sin1+ )} — B2 +
2B3 +2B* —2B5(cos1— sinl+ 2)}+B3{cos1+ sinl— 2)— B*{cos1+ sinl— 3)—
% 4 2 3 2 3 2 ) 2
EBS{cos 1+ sinl— )+ B%{cos1+ sinl— “Heos1—sinl+ %)} (if B*=B3)
=1 — B—>B% + B*{cos1— sin1+ )}+B — B2 —~B3 + B*{cos1— sin1+ )} —>B2 +
2B3 +2B3 —2B3{cos1— sinl+ 2)}+B3cos1+ sinl— 2)—B3{cos1+ sinl— 3)—
2 4 2 2 2 2

%33{cos 1+ sinl— §)+ B3{cos1+ sinl — 2}{cos 1— sinl+ %)}

=1 —2B% + B3{(cos1)? — (sin1)? +1}
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=1 —2B% + B3{cos2 +1}
=cos 2B
Theorem (5.111):-sin 2B = 2 sin B cos B
Proof :- R.H.S
2sinBcosB
=2[B+B3(sin1— D]l —5B? + B3(cos1— )]
=2 [B —3B% + B*(cos1— ) + B3(sin1—1) —2B5(sin1—1) + BS(sin1—1) (cos 1 — )]
(if B* = B3)
1p3 3 1 3¢ qi 1p3¢ 3

2 [B _EB + B°(cos1 — 5) + B (sml—l)—;B (sinl1—1) + B°(sinlcos1l—cosl—
%sinl +%)]
=2[B +B3(sinlcos1—1)]
[2B + B3(2sin1cos1 — 2)]
[2B + B3(sin2 — 2)]
= sin2B
6. Differentiation of operators:-

Now we are going to introduce differentiation in respect of e*® with respect to x. we generalise
formulae for e™Btoe*B, x being any real number by

x? x242x+2
e* =[1+xB +—B? + B*{e* - ———)]
d
Theorem (6.1):-— (e*B) = Be*B
p f B 1 (x+Ax)B_ eXB
r -— = lim
00 (e ) Ax—0 Ax
. e(xB+ AxB) _ eXB . eXB oAXxB_ oxB
- Ahm . Ahm o
-0 -0
x exB(eAxB_ 1) * (eAxB 1)
=lim = e*B lim ———=
Ax—0 Ax Ax—0 Ax
[1+ AXB + M+33{EAX_M}_I]
xB 1: 2
=e*” lim
Ax—0 Ax
3 2
B [ Ax B+M+B3{I+Ax+ (AX) +%——————— —%—Ax—l}]
XB 1¢ ! !
=e*” lim
Ax—0 Ax
[AX3+M+B3{M+M _________ }]
= e*B lim 2 3! 4!
Ax—0 Ax
Ax)B2 AX Ax)3 | .
e*B llmO[B + (LoB ) + B3 {( G higher power of Ax }]
x—)
=B exB
Also
4 ,—xB —xB
L) =2 @) L (—x) = —Be
d exB+e—xB BexB _Be—xB exB e —xB
So LB - )
= B sin hxB

Thus (cos hxB) = B sin hxB
Slmllarly, (sm hxB) =B cos hxB
o, a(cos hxB) = B{Bx + B3(sin hx — x)}
={B%x +B*(sin hx — x)}
={B%x +B3(sin hx — x)}(if B* = B3)
%(cos hxB) = B?{x + B(sin hx — x)}
i(sin hxB) = BJ[l + Bix, B3(cos hx — Ex)]
dx 2! 2

3
=[B+ BZ—!x + B*(cos hx — %x)]
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3
=[B +BZ—"‘+ B3(cos hx — %x)] (if B* = B3)

2
%(sin hxB) = B[l + Bz—lx + B%(cos hx — %x)]
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