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Abstract: We present 2-woven frames in 2-Hilbert spaces and discuss some of its
characteristics in this work. Additionally, operators for 2-woven frames are developed, and
some associated results are established for these operators in 2-Hilbert spaces.The required
two-sample and change-point tests in Sections will be developed using the theoretical
contributions. Here, the suggested method's utility is more obvious because it can be
challenging to distinguish variations between two smooth curves in real-world scenarios.
Furthermore, in many practical scenarios, minor differences might not even be significant.
Instead of trying to test for exact equality under the null hypothesis, the "relevant” setting is
used, which allows preset deviations from an assumed null function. Its relationship to
operators is the rationale behind its selection and study in the thesis. We construct frame
sequences and investigate a class of operators associated with a particular Bessel sequence,

which transforms it into a frame for all operators in the class.
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1. Introduction:

In their work on nonharmonic Fourier series, Duffin and Schaeffer introduced frames in

Hilbert space. Daubechies (1986) reintroduced them, and since then, work on frames has
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continued. Applied mathematics and engineering have been significantly impacted by frame
theory, and certain characteristics of frames have made them a crucial component of
functional analysis.The attributes of the finite sample are examined through a simulation
analysis and an application to annual temperature profiles. Due to the recent substantial
advancements in better data collection technology, there has been a lot of study focused on
developing statistical methodologies for the analysis of functional data gathered over time
and/or location. Most of the effort has been on developing Hilbert space-based techniques,
for which there is currently a comprehensive theory. However, the critical significance of
smoothness has been thoroughly examined by Ramsay and Silverman (2005), and almost all
functions that are fit in practice are at least continuous. Fully functional solutions might be
preferable in these circumstances than dimension reduction techniques, which could lead to
information loss.It is simple to generate simultaneous asymptotic confidence bands for the
difference of the mean functions using the approach that has been established thus far.
Confidence bands for functional data in Hilbert spaces are well-documented in the literature.
Cao et al. (2014) studied simultaneous confidence bands for the mean of dense functional
data based on polynomial spline estimators; Cao (2014) developed simultaneous confidence
bands for derivatives of functional data when multiple realisations are at hand for each
function, exploiting within-curve correlation; Zheng et al. (2014) addressed the sparse case.
Degras (2011) dealt with confidence bands for nonparametric regression with functional data.
Most recently, to construct confidence bands for functional parameters, Choi and Reimherr
(2018) identified geometric characteristics similar to Mahalanobis distances.This set of
findings about functional data valued in Banach space is unprecedented. The first theorem
builds asymptotic simultaneous confidence bands for the two-sample situation using the limit
distribution found in Theorem. In the following part, a comparable bootstrap analogue will be
created. Using standard reasons, confidence bands for the one-sample case can be produced
similarly, and the associated results are ignored.

THEOREM 1: Assume that Theorem conditions are met. Then, for a« € (0,1), identify the

(1 — a)-quantile of the random variable T as defined by u;_,, and construct the functions

t _1 1 Ul—q
P () = X1 X =X Y == (D)
Then the established

Camn = 1 € C([0,1]): i (8) < pu(t) < pif o (¢) forall t € [0,1]}
defines a instantaneous asymptotic (1 — «) self-assurance band aimed at y; — u,, that is,

lim P(uy —pp € Cymp) =1—a....(2)

m,n—co
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It should be noted that the simultaneous confidence bands presented in Theorem apply for all
t € [0,1] and not only practically everywhere, in contrast to their counterparts in Hilbert
space. This property makes the suggested bands easier to understand and potentially more

effective for applications.

THEOREM 2: Assume that (X;:j € N) and (Y;:j € N) placate Hypothesis with metric
p(s,t) = |s —t|%,0 € (0,1],J6 > 1 and let B, ..., BY) signify the bootstrap procedures
distinct by (3.19) s.t.l; = m#1, 1, = n¥2 through

0< B <v;/2+v), T>PB2+v)+1)/2+2v;)....3)

@V
1

andv; agreed in Hypothesis, i = 1, 2. Also, assume on behalf of the multipliers in IE|E <

J

coand IE|Zl(r) < oo, Before

(Zunr By o BED) 0 (2,2D,..,2) .. (®)

inC([0,1])F*! as m,n — oo, where Z,, ,, is distinct in (4) and ZD, ..., Z® are self-governing
copies of the concentrated Gaussian process Z distinct. Keep in mind that both the alternative
and the null hypothesis uphold Theorem 1. Based on the multiplier bootstrap, it yields the
following findings for tests and confidence bands for the classical hypothesis. In light of this,
note that for the statistics

T -

BON, r=1,..,R..05)

the incessant mapping proposition profits
(VAT mde, 10, ... 1) = (1,7D, ., T®) ... (6)

where the random variables T(D, ..., T®® are self-governing copies of the statistic T distinct
in (4). Currently, if TUX"~ is the experiential (1 — a)-quantile of the bootstrap sample

7 T® the subsequent consequences are attained.

m,n’ o imno

THEOREM 3: Assuming that Theorem 2 premises are met, define the functions

{IR(—a)}
Rt _1ym _ 1l T
i (8) = X X = -3 Y 2 (7)

Before
CR o = {1 € C[O1]): i (8) < u(®) < pht (t) forall t € [0,1]}.....(8)
defines a simultaneous asymptotic (1 — a) self-assurance band for y; — u,, that is,

lim liminfP(u; —py € €8 ) =1—a......(9)

R—0co m,n—-oo
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Equation (9) weak convergence and the continuous mapping theorem can be used to create
point-wise bootstrap confidence intervals in a manner similar to that described. For the
purpose of conciseness, the specifics are left out. A related assertion about the bootstrap test
for the classical hypotheses which rejects the null hypothesis whenever

{(RA-a)]}
Tm,n ¢
—\/m ......

n

do, >
where the statistic d., is definite.

THEOREM 4: If the presumptions of Theorem 1 are met, then test is consistent for
hypotheses and has asymptotic level a. More specifically, assuming that there is no variation

in the mean functions,

{lR(1-a)]}
lim lim sup P ﬁoo > 2L |=q.... 11
R—00 m,n—>oop < Vn+m ) ( )

and, under the substitute, for some R € N,

rlla-a)
liminfP | dy, > 22— | =1.... (12)
mmn=eo vn+m

THEOREM 5: Let the expectations of Theorem 1be fulfilled, then
N P
dy (€L, €5)-0....(13)
where the sets é,j—rl,nare distinct by (13). The main insinuation of Theorem 3 involves in the

detail that the random inconstant

max Bn(@®)....(14)

m,n

weakly converges to max,cc+Z(t), the random variable. However, the connection of these
two propositions is more complex and necessitates a continuity argument, whereby the

following result is proven.
THEOREM 6: Let the expectations of Theorem 2 be fulfilled and outline, for =1, ..., R,

KO = max{ max BY), (¢), max (~B{ zl(t))} e (15)
(S tee

t <C"‘n’L n mn

Before
(VAFm(de — dew), K s K2 ).......(16)

in RR*1, where d, = |lu; — i, |, the measurement d., is distinct in (14) and the variables

TM(E),..., T®E) are self-governing copies of T(E) distinct in Theorem 3. A
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straightforward bootstrap test for the no relevant change hypothesis is produced by Theorem
4. Specifically, we may define the empirical (1-a)-quantile of the bootstrap sample

kW , K,(,f?l by K,{nli(l_a)”; at a, the null hypothesis of no relevant change is rejected.

mn’
PRULICETY

dy > A +’"T;‘ﬁ .. (17)

This section's final conclusion demonstrates the asymptotic level a and consistency of the

test.

THEOREM 7: Assume that Theorem 4 premises are met. Next, assuming that there is no

significant variation in the mean functions,

o . gURA-))
}%Lr‘i)lol:nr‘gliliopﬁ” (doo > A+ ﬁ) <a....(18)

and, under the substitute of a relevant variance in the mean functions, for some R € N,

o . (RG]}
lim infP (doo > A+ ﬁ) =1.....(19)

m,n—coo

THEOREM 8: Assume d.,, > 0,s* € (0,1) and let (X,,;:n € N,j = 1,...,n) be an selection
of C([0,1])-valued random variables sustaining Assumption with p(s,t) = |s —t|?,
6 € (0,1]and jJ@ > 1. Then
D, = Vn(M, —s*(1 = 5)ds,)...... (20)

where W is the centred Gaussian measure on C([0,1]%), defined by, € = ET U £~, and the
sets E*and E£-are specified in (17). The statistic M, is defined in (20). With functions
Uy — Uy having the same sup-norm d,, but distinct corresponding sets E, the limit distribution
of D, might be somewhat complex and dependent on that set. It is also important to note that
Theorem 7 requires the condition d,, > 0. The weak convergence in the remaining case
d., = 0 can be inferred from vnU, = W,, (4.4), and the continuous mapping theorem,

which states,

. D,
VML, ->T =  sup |W(s,t)|.....(21)
(s,t)€[0,1]2

whenever d,, = 0. If d,, > 0, Since the actual location of the change-point s* is unknown,
an estimate must be made using the information that is now accessible. One such estimator is
suggested in the following theorem, which is demonstrated in Section, and its large-sample

behaviour is described as a rate of convergence.
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THEOREM 9: Undertake do, > 0,s* € (0,1) and let (X,;:n €N,j=1,..,n) stand an
array of C([0,1])-valued random variables sustaining Assumption, where the random variable
M in Statement (A3) is circumscribed and p(s,t) = |s — t|®with 8 € (0,1],J8 > 1. Then the
estimator

1

§ = —arg max
n 1<k<n

0, (%)” ...... (22)

Satiates
5 = 5" = Op(n™").
Remember that the open interval (9,1 — ) is the only range of change sites that can exist.

Define the adjusted change-point estimator.

3 = max{¥, min{3, 1 — 9}} ..... (23)
wheres is specified by (10). Since |§ — s*| < |§ — s*|, it shadows that
3 —s*| = Op(n™")
if d,, > 0, and, if d,, = 0 assume that § meets weakly to a [, 1 — 9]-valued random variable

Smax '

THEOREM 4.10: Let B,El), ...,B,ER) signify the bootstrap processes clear, where [ = nf for
particular g € (1/5,2/7) and undertake that the underlying array (Xn,j:j =1,..,m;mn€N)
satisfies Supposition through metric p(s,t) = |s —t|?,8 € (0,1],J6 > 1 in (A3) and v > 2
in (Al) and

BR+v)+1)/2+2v)<T<1/2

J

in (A4). Also, assume additionally on behalf of the multipliers in (418) [E|§1(r) < ooThen

(W, W, ., W) o (W, WD, ., WR)

in C([0,1]?)R*!, where W,, and W are distinct in (21) and (23), correspondingly, and
W, ..., W are self-governing copies of W. For the classical hypotheses, we now consider

a resampling approach where A=0 in (4.72). To achieve that, define, forr = 1, ..., R,
[ = max {|WS (s, 0)|:5,¢ € [0,1]} ... (24)
The continuous mapping theory thus states that
(va,, T0, .., T®) = (F,FO, ., F®)...(25)
in R+ where T, ..., T® are self-governing copies of the random variable T distinct in

(4.87). If TrflR(l_“)J} is the experiential (1 — a)-quantile of the bootstrap sample
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Tn(l),Tn(Z),. o ,SR) the traditional null hypothesis Hy: iy = u, of no change-point is rejected,

when

~ plRa-@))
M, > =

T ......

Similar reasoning as those in Section imply that this test is consistent and has an asymptotic
level of a, according to above Theorem.

) FIRA-0))
llm lim supPy, (M > —) =a

R—0o0 Vn
n—>0o
G- ..(27)
hﬂglfpl‘ll (M > T) =1

for every R € N. For the purpose of conciseness, the specifics are left out.We will now
proceed with the development of the bootstrap methodology for the issue of testing for a
relevant change-point, that is, A>0. Apparently, the theoretical analysis is much more
involved because the estimates of the extremal sets £tand £~are specified by the null
hypothesis, which defines a set in C([0,1]).

Er = {te[ou +(01 () = fip () = doo \C/H} ...... (28)

wherelim,, ., ¢, /logifin) = ¢ > 0 and d., is specified in (4.87). Contemplate bootstrap
analogs
Tn(r) = A;max{sup W( )(s t), sup( Wn(r)(ﬁ, t))} ... (29)
$(1-9) teé&t teé;

(r =1, ..., R)of the measurement

\/H(d\oo - doo)
do = |lpg — 2l
THEOREM 4.11: Let the expectations of Theorem 8 be fulfilled, then if d.,, > 0,

(Va(der = doo), 1,0, . 1) = (T(E), TD, .., T®) ... (30)

in REFL where T, ..., T® are self-governing copies of the random variable T'(&) distinct.
Rejecting the null hypothesis yields a test for the hypothesis of a relevant change-point in
time series of continuous functions whenever

TR~}

de >A+"T........(31)
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[R(1~a)]

WhereT,f Vs the experiential (1 — a)-quantile of the bootstrap sample Tn(l),Tn(z),

Tn(R). Similar reasons imply that this test is consistent and has an asymptotic level of a in

accordance with Theorem 8.

. {IR(1-a) [}
lim lim sup P dp >A+2——|<a
R—0 n—)oop HO( \/ﬁ )
and
o R TrflR(l—a)J}
llrl;llg]ﬂP)Hl (doo >4+ T) = 1(32)

for every REN. For the purpose of conciseness, the specifics are left out.

2. Conclusion

The notion of frames for operators is presented for a set of continuous linear functionals built
on a Banach space. The new concept has been shown to be a logical extension of the Banach
frames developed by Casazza et al. in 2005. The necessary and sufficient conditions that must
be satisfied are given, along with results on producing frames for operators. Moreover, it is
shown that the notions of "atomic systems™ and "frame for operators" as used in the thesis are
not generally the same, unless the associated sequence spaces violate some additional
requirements. Analysis, synthesis, and frame operators are possible for a Bessel sequence in a
Hilbert space. Studying these related operators can help one understand some of the Bessel
sequence's properties. For instance, if the synthesis operator is invertible, the sequence is a
Riesz basis, and vice versa. Gavruta developed a generalisation of earlier frames in literature:
a frame for operators in Hilbert spaces. Its relationship to operators is the rationale behind its
selection and study in the thesis. We construct frame sequences and investigate a class of
operators associated with a particular Bessel sequence, which transforms it into a frame for
all operators in the class.
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