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Abstract

The use of the word genus came from biology where it refers to this or that group of beings
having some characteristics in common The concept of genus is very popular in mathematics,
mostly in topology and in complex analysis. This mathematical concept has historical
development and it can be a mathematics concept and it can also be a statistics concept. The
genus of a surface which is first defined by Riemann and recently discussed by Clebsch is the
most perfect example. Riemann’s work was concerned with the classification of surfaces as a
consequence of the determination in the least number of simple closed curves needing to
dissect off the surface to a more basic sort. While this number later got the name ‘genus’
when Clebsch used it to classify these surfaces algebraically geometrically Riemann named it
as 2p. The genus, or g(F), has survived into the present day as an amplitude of surfaces that
depends on topological characteristics only. The subsequent parts of this article, will explain
briefly how the notion of genus has been started from the surface topology and how the idea
has been shifted roaming in the world of mathematics age, leaving behind the formal
definitions.
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Introduction

In mathematics, the word “genus” derived back from the Ancient Latin term ‘genus’ means
stems or origin referring to the sets with similar characteristics. We observe it used with
respect to numerous subclassifications of mathematics such as number theory, topological and
studies in complex analysis. In this article the author has also presented the historical and
conceptual aspects of genus including topology and complex analysis in special references to
the discovery of the genus through the study of the oriented surfaces. This idea based on the
concept of genus as the mathematics of topology that has its roots in Riemann’s work on the
surfaces of the surfaces. As for Riemann’s contribution, he had gone further in constructing a
new geometry related to the surface in question, the issue of deciding on the minimum
number of simple closed curves that could decompose the surface was to become one of the
most vital topological characteristics once it had been formulated by Clebsch as the genus.
This invariant expressed as g(F)describes the number of tori added to the S? in creating the
surface. This paper focuses on the classification of surfaces by using genus concept as a
means of defining surfaces and studying their properties. This article is written with the goal
of giving the reader a simple, non-rigorous overview of the origins of the genus concept, the
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generalizations that expand on it — and important modifications — without drowning the reader
in the heavy definitions and proofs.

Such an oriented surface F is compact without boundary, and from the two dimensional
sphere S?, connected sums are made cyclically with the torus T = S* x S'. The count of added
tori is a topological feature known as the genus of F, g(F), equating to Clebsch’s notationp.
We can obtain an oriented surface F for which the Euler characteristic is zero,F is compact,
and has no boundaries, by taking connected sums of S? with T which equals T= S'xS'. The
count of added tori is a topological invariant called the genus of F; Riemann’s classification of
surfaces is somewhat intricate and looks like branching over a plane, as well as assuming the
surface under analysis is differentiable, which makes the investigation easier. But yet, the
genus is, in fact, purely and simply, a topological invariant. This can be shown employing the
first measure, the fundamental group or the first homology group, Hi(F). For example, we
have H1(S%)=0 and the relation Hy(F#T)=H,(F)&@Z? where # means connected sum and shows
that if one connect S? from which we get Fn by connecting with ‘n’ tori then H

The rank of the K-th homology group is called the kth Betti number, and thus g(F)=b1(F)/2.
Alternatively, the Euler characteristic, e(X)=>i(—1)ibi(X), can also be used to define the
genus: g(F)=1—e(F)/2. The Euler characteristic, which can be calculated combinatorially as
e(F)=vertices—edges+trianglese, is a topological invariant, though proving this requires a
rigorous demonstration.

The genus is part of topology which is used to describe a surface. Imagine that it is its value
as a descriptor on its own — but that is not all; what is it in the grand scope of topology? What
Riemann said can be translated into the idea in a subject that is differentiable a surface is
uniquely characterized by its genus. This idea can be made rigorous by using some basic tools
from Morse theory. However, a more powerful statement holds: The genus in fact gives
information about the homeomorphic type of the surface which is under consideration. Rado
confirmed this result much later than Riemann and that is why we can claim that using this
method we are able to prove Riemann hypothesis.

Theorem: Two connected, closed, oriented surfaces F and F’ are homeomorphic if and only if
g(F)=g(F").

Rado’s proof is not straightforward; a crucial element of it involves demonstrating that the
topological properties of a surface depend directly on its genus.

Riemann main goal when studying the topology of surfaces was to analyse their geometry in
the context of complex analysis as one complex dimentional manifold known as complex
curves. It refers to a topological space having countable bases that resemble Rn at local level
and possess a structure that allows holomorphic transformations. Of dimension one, that
countable basis stems from the existence of a complex structure.

In such curves Riemann defined divisors for instance, finite sums of point lying on a surface
and having integer coefficients associated with them. In the case of a closed surface, a
meromorphic function defines a divisor together with zeros and poles of this function, as well
as the corresponding orders. The degree of a divisor, deg(D), is said to be the sum of all the
coefficients of a given polynomial that stands for 0.

Riemann considered the vector space L(D), being a space of all meromorphic functions with
divisors D not less than a given one when added together to obtain non negative integers. This
space has a dimension given by I(D) The term I(D) refers to a function that establishes the
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upper limit of the possible accessible frequency bandwidth of a medium or channel in
telecommunications. Riemann’s inequality states:

I(D)>deg(D)+1—g

This inequality serves as the foundation for the Riemann-Roch theorem, which provides an
equality when using the canonical divisorK:

I(D)—I(K—D)=deg(D)+1—g

The importance of this result can be found in identifying the relationship between degree of a
divisor which is elementary and down to earth but the genus (g) is far from trivial. It therefore
determines adjoins the dimensions of spaces of meromorphic functions and its related
characteristics, relating the complex analysis and topology.

In more complex cases one can put more elaborate structures on the surfaces, for example
from complex analytic geometry. Whereas complex manifolds were mainly investigated in
the first half of the twentieth century, complex algebraic varieties and the zeros of families of
polynomials came into focus later as their study shed light on surface classification from the
geometric point of view.

So the framework of this kind of interconnection became established, for example, with the
help of the notion of the arithmetic genus. It was made aware four definitions were presented
in 1950s in relation to the arithmetic genus of a projective, smooth algebraic variety, of
complex dimension, nn. Thus, the arithmetic genus is evaluable from specific formulas that
are associated with the holomorphic differentials of particular degree of the manifold place
pa(V).

The expression used resembles the Euler characteristic but in a modified format called the

Euler number, which is given by:
2n

i=0
where bi represents the Betti numbers. The arithmetic genus, ga(V), is related to this value
and serves as a birational invariant.

Also to a complex surface V there is defined the geometric genus g(V) which is given with
the help of holomorphic differential forms. The definition of the geometric and arithmetic
genera indicate that they are birational invariants, and therefore stress their multiplicative
characteristics when associated with surfaces.

The next concept in the Todd genus was formulated by A. N. Todd in 1944. It generalizes the
notion of the arithmetic genus with the help of Chern classes which are important when
speaking about vector bundles over complex spaces. Through these Chern classes, the Todd
genus can be expressed with certain polynomial forms for the Todd genus associated with the
Todd genus of the Todd genus. The Todd canonical classes define homology classes and
serve to assess vector bundles from the perspective of algebraic geometry connecting
arithmetic and topological features of varieties.

The Todd sequence is defined for a special multiplicative sequence that on the each complex
projective space equals to 1. The first few Todd polynomials are as follows:

1
T = -c,
1= 54
Ty = =(E + o)
2—1261 C2),
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1
T3 = 246162

1

T 720
where cic_ici denotes the Chern classes.
Theorem: Let V be a nonsingular compact complex algebraic variety of dimension n. Then:
x(V) = (Tu(V), [V]),
where x(V) is the evaluation of the Todd polynomial Tn on the fundamental class.
This theorem is connected with the well-known Riemann-Roch Theorem because it adds the
anatomical data, proportioned by the holomorphic Euler number, to the topologically defined
genus known as the Todd genus. For instance if the complex dimension of V is equal to 1 and
hence is a Riemann surface the above stated theorem simplifies to the Riemann-Roch
theorem. For higher dimensional cases, one has the same state for any such nalgebra and this
one generalizes as the Hirzebruch-Riemann-Roch formula for D= 0. After this, in 1957,
Grothendieck extended these notions further and saw a version of the Riemann-Roch formula
which is a form of a parameter. Even though these extensions are related to the genus, they
are even more distant from the topic.
Bordism and generalized genera
Therefore, while discussing the Todd genus as a topological invariant, it is necessary to offer
some additional details. We need a more complex, but weaker, structure outside the
differentiable manifold; more precisely, a challenging structure on the sum of the tangent
bundle with trivial bundle, which forbids direct comparison of results for different b-values.
From a purely mathematical perspective, this complicated structure is stable. In order to
clarify the case where an odd-dimensional manifold can host an almost complex structure, we
state that the structure can be considered stable if and only if each of its cosets is also an
almost complex manifold.
We can extend the Todd genus to manifolds with stable nearly complex structures since
Chern classes are cohomology invariants and do not depend on the connected sum of a trivial
complex bundle. The essential features of the Todd genus are applicable to these manifolds:

Additivity:The sum of the Todd genera of the and components is equal to the Todd genus
of the disjoint union, which is a further consequence.

Multiplicativity:The product of the Todd genera of the factors is what is known as the
Todd genus of a product.
An overarching concept of genera was established based on the characteristics of the Todd
genus. Allocate this generic genus to brands of manifold classes by using the defining classes
of tangent bundles with stable, almost complex topologies.. For such genera, some elements
have to be as follows, including additive and multiplicative properties. For instance, for a
Riemann surface the Todd genus is equal to ¢ 1(F)/2 which is equal to the Euler characteristic
of F, or equal to 1—g(F). In other words, one is concerning the genus of a Riemann surface.
Of additional intrinsic characteristics based on oriented manifolds one can mention the
signature known as sign, or sign (M). This invariant is related with the linear algebra of
intersection forms and for 4k-dimensional closed oriented manifolds .
The first author sought a formula to express the signature, similar to how the Todd genus
relates to arithmetic genera, using characteristic classes. Initially conjectured, the signature
became a crucial element in the Riemann-Roch formula. Since there is no natural complex

Ty (—ca+ cre3 + 3¢ + deac; — c),
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structure on the tangent bundle, the Pontrjagin classes pi(M) in H4i(M) were used instead of
Chern classes. These Pontrjagin classes, constructed through formal sequences, allowed for a
generalized formula similar to the Todd genus.

The first few L-polynomials, used to express the signature in terms of Pontrjagin classes, are:

1
L, = §P1=
L, — > (7 %)
2= 15 P2 —Pp1)s
1
L = %(62333 — 13pips + 2p).

For the arithmetic genus it can only be said that in the case, where the values at the even-
dimensional projective space are resume on the signature, a general formula can be derived. It
has been shown that any of its manifold can be recreated as the linear sum of products of the
projective spaces. This connection compose the foundation of the bordism theory with
reference to manifolds.

Mega manifolds that are n-dimensional and oriented without boundary also from a group
under disjoint union and is denoted Qn. Combined, these classes meet the requirements laid
down by bordism theory.

The Relevance of the Signature

The signature of a manifold is a crucial topological invariant, providing insight into the
classification of certain manifolds. For Riemann surfaces, the genus completely determines
their homeomorphism type, which matches the diffeomorphism type. In the case of closed
smooth simply connected 4-manifolds, an analogous result holds:

Theorem: If the type (even or odd), signature, and Euler characteristic are all in agreement,
then two closed differentiable simply connected 4-manifolds are homeomorphic.

Here, the "type" is concerned with whether or not self-intersection numbers are parity. This
outcome is conditional on Freedman and Donaldson's generalizations. With the intersection
form and a mod 2 invariant, the Kirby-Siebenmann invariant, which is zero for smooth 4-
manifolds and those homeomorphic to S*, Freedman classified reasonably well-connected
topological 4-dimensional manifolds as having four dimensions.As a consequence, Freedman
proved the 4-dimensional Poincaré conjecture, stating that a 4-manifold homotopy
equivalent to S*is homeomorphic to S*.

But Donaldson in his work based on the gauge theory showed that intersection forms are
much more restricted if the manifold is smooth. It also elucidated that the classification is
dependent on the rank, the Euler characteristic or the signature, and the type. That is quite
different from the case for the Riemann Surfaces.

The presence or absence of exotic smooth structures can also be significant in dimension 4. It
is demonstrated that a simply connected 4-manifold can possess a number of essentially
different smooth structures where it can be homeomorphic but not diffeomorphic. Donaldson
first found such structures proving that there are infinitely many smooth versions of some 4-
manifolds. Those examples include a K3 surface, a complex surface of real dimension 4,
which has this property.

The problem of distinguishing between exotic and non-exotic closed 4-manifolds constitutes a
large open problem in differential topology, with the complex projective plane CP2\math or
the 4-sphere S* being cases that remain unknown at this point. If, in fact, S* possesses a single
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smooth structure, the aforementioned smooth Poincaré conjecture for 4-dimensions would
hold: any closed smooth simply connected 4-manifold with Euler characteristic equal to 2 is
diffeomorphic to S*.

Thus, meant it was clarified that the property of having infinitely many smooth structures is
typical only for the dimension 4. Indeed, in all other dimensions, such number is finite. This
relates to the Hauptvermutung , which states that any topo logical manifolds amenable to
triangulation is unique and so triangulated uniquely and if at all, this has to be unique or able
to be done in only one manner, a fact disproved by Milnor. Measuring in dimensions 4+ it
turns out that piecewise-linear structures exist in number only to be finite according to Kirby
and Siebenmann’s theorem. In particular the same argument also yield as corollary when
combined with the surgery theory that a piecewise linear manifold of dimension at least 5 has
only a finite number of different smooth structures. Coproductively with these results it shall
demonstrate that each topological manifold with dimensions more than 4 has the finite
number of smooth structures.

The classification of smooth structures on spheres is crucial in this theory beginning with
Milnor’s examples, and Kervaire and Milnor continued for dimensions higher than four. The
signature theorem is used extensively to find and categorize such structures by constructing
compact smooth manifolds with boundary like that of spheres. Thus, using the geometry of
union of such manifolds with cones over their boundaries, it is possible to raise the signature
theorem together with the L-polynomials for computation of some other topological
coefficients containing terms with the Pontrjagin classes.

Conclusion

The concept of genus is a fundamental and versatile tool in topology and complex analysis,
originating from the study of surfaces by Riemann and later expanded by Clebsch. It serves as
a critical topological invariant, providing insight into the structure and classification of
various mathematical objects, including surfaces and complex manifolds. The genus connects
with other essential invariants like the Euler characteristic and is crucial for understanding the
properties of meromorphic functions and divisors on complex surfaces. The Todd genus and
its generalizations further illustrate the depth and applicability of these ideas, especially when
combined with characteristic classes such as Chern and Pontrjagin classes. The study of genus
and related invariants like the signature has profound implications, contributing to significant
advancements in differential topology and algebraic geometry.

Conclusion

The concept of genus is a general and*necessary tool in topology and complex analysis and is
the generalization of the ideas of Riemann concerning surface and prolonged by Clebsch. It
has applications as a topological invariant that helps to identify the structure and classify
surfaces and complex manifolds. This genus ties with other fundamental invariantsogenous as
the Euler characteristics; it plays a central role to factor the properties of meromorphic
functions and divisors on complex surfaces. The Todd genus and its generalizations show
how deep these ideas are and how they can be extended together with characteristic classes
like Chern and Pontrjagin classes. The analysis of genus and similar characteristics and
invariants has a deep meaning; knowledge of them led to remarkable progress in such areas as
differential topology and algebraic geometry.
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