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Abstract:

The present paper provides the boundary layer equation for the two-dimensional flow of a
power law fluid along with solutions of free stream velocity u(x) and scaling function g(x). We
have also discussed here the theory of similar solutions of the boundary layer equations for
power low fluids on the same lines as is usually done for Newtonian fluids.
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1. INTRODUCTION

A power low fluid is heated by passing it under conditions of laminar flow through a
long tube whose wall temperature varies in the direction of flow [1]. Fluid flows through porous
media present important applications in many fields of engineering and science. For instance,
it is very relevant in geometrics due to the distinct rock and soil types varying properties where
sub surface flows occur [2, 5-8, 11]. Here we discuss the theory for similar solutions of the
boundary layer equations for power law fluids on the same lines as is usually done for
Newtonian fluids. In this manner we obtain a generalisation of the Falker-Skan equation.

2. BASIC EQUATIONS
The boundary layer equation for the two-dimensional flow of a power-law fluid are, as

obtained by Kapur [3, 4]

Su su  du vo||sul" su
U—+V—=U—+—||—| .— (2.1)
ox  dy dx dy||dy| Oy
and 8_u+g =0 (2.2)
oX oy
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where u and v are two components of velocity along and perpendicular to the wall. U(x)

is the free stream velocity, p is the density of the fluid and

n-1

y=22pulp
The equation of continuity is integrated by introducing the stream function (X, y)

which is such that

u= 8\” V= —S—W (2.3)
dy OX

The boundary layer equations then reduce to

Sy Sy _dv v\ )dU(X) Syl (2.4
Sy Sx8y &x dy? dx Syl loy?| o2 '
We introduce new variables and functions;
1
X, _yRM™ 5
="n= 5
g O La(0) (2.5)
1
n+l
F(e,m) = YONR 2.6)
L.U(x).g(x)
Where R1 is the modified Reynold’s number defined by
Ln
R, = T (2.7)

L and U_are the reference length and velocity respectively, and g(x) is a suitable

scaling function to be chosen later. In terms of these variables, we get

0= _ux ) (2.8)
oy on
__S_W _ g__l 6& n+1
V= S {Lf (Ug)+Ug(8é . EST]H/R (2.9
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2 2 1
W _ i3 V| &1 8 g(x)} (2.10)

5% 5n. L |ogm ot g(x)

ou 5°f n

—=UX).—.— (2.11)
Y 5n’'y

Substituting in (2.1) and remembering that for similar solutions f(x, y) should be independent

of &, we get after consideration simplifications, the basic equation as

£ "+ aff"+BAL—F ) =0 (2.12)
where
:Mi(u Gy) (2.13)
nu, dx 9T
and
sz%gg;iU@ (2.14)

(x)

We choose U(x) and g(x) so that a and [ are constants. For n = 1, the equation (2.12)

reduces to the well known Falker-Skan equations.

f" 4o ff+BL—F)=0 (2.15)
with
Lg(x) d
U d ( (x)" g(x))
L
9(ij) 8 (2.16)

0

In general the velocity component u will increase from its zero value at the wall to the value

U(x) at the edge of the boundary layer and thus in this case u/dywould be non-negative.

From (3.6) and (2.11) it would then appear that if g(x) can be chosen to be a non-negative
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function, we can take f” to be non-negative. Thus we can make the assumption that f” is non-

negative function and integrate.
ff" o ff+BAL—FY) =0 (2.17)
Subject to the boundary conditions.

n=0forf=0andf' =0
n=oo for f' =1 (2.18)

The assumption made can then be tested against the solution so obtained.

3. SOLUTION FOR U(x) AND g(x)

From (2.13) and (2.14) we have

=0 Uz ] = ol + D — (20 -] (3.)

Integrating the above equation for
(n+Da—-(2n-1)B =0

We get

My 2-n n
Jo Ul :W[(n +1)o—(2n -1)B]x (3.2)

o0

Also from (5.2.13) and (5.2.14) we get

U, _ay_pd(X)
U (o B)—Bg(x) (3.3)

which gives on integration
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U

o0

U, Y™
[Lj = kg, (3.4)

where Kk is a dimensionless constant.
Solving for U(x) and g(x) we get
U ap 2-n 1 1
B n+ = n+
(Lj ~KP [{(n +1)o—(2n —1)5}“%} ' (3.5)
and

1

B(2-n) 2-n

L+ ~(n+D)(ap) nx |n+
(9] @005 =k D gy @n-0p [ o)

From (2.13) and (2.14) it is seen that the result is independent of any common factor of o and
B and, as it can be includd in g(x). Therefore as long as a # 0, we can put o = 1 without loss

of generally. Also introducing a new parameter m defined by

m = B orpB= M (3.7)
(n+)a—-(2n-1)p 1+m(2n-1)
we get
h _alm(2n-l) n(n+1) X )
(uw J_(k) _(1+ m(2n —1)'Lj &9
orsimply U, = C.x"

Where C is a constant of propertionslity.
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1

2-n |na
and g(x) =| —+D 21U, (3.9)
1+m(2n-1) L ( U,

1-2m+mn

or simply g(x)=C,(z) "

where C; is a constant of proportionslity.

Also from (2.8) and (3.9)

1

_[1+m2n-1) UZ" | (3.10)
| n(n+)) X" '

The case (N +1)a—(2n —1)B = O left earlier leads to the

n+1 2-n

g™ .U% =constant =C (3.11)

(n+1).g0.(x) = C(n —2)UL*U'(x)

e (N-2) UY(X)

d (a—-pB)=C.LU". : 3.12
and (o=F) > n(n+1) UX) (3.12)
Integration of (3.12) gives

[1—2m+mnjx
Ux)=C,e* " (3.13)
and also g(x) =C,e (n=2){=2m+mn) . (3.14)

(n+1)*

where C; and Cgz are constants of proportionality.
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4. SCHUWALTER DISCUSSION OF SIMILARITY SOLUTIONS

Schuwalter (1960) [9, 10] has independently attacked the problems of similarity
solutions in three-dimensional case of the flow past a flat plate where potential velocity vector
is not perpendicular to the leading edge, and this is a much more restrictive result than is

obtained for Newtonian fluids in three dimensional flow.

The object of the present section is to point out a discrepancy is the mathematical

development of Schuwalter (1960) and to give necessary corrections.

We use the notations or Schowalter’s paper. Equation (14), (15) and (16) of the text are

gn+ SUO , , gn+1W08Uo 8Uo o
05 oc [F?-FF"-1]+ 0 = [FG'-1]
n+l 0 n ny,,0
o go n-1 8Wo GF® - % n-2 S_goFF”_ goWn—lés_goFIIG
uH" oz U™ ox U™ dx

n-1

:RN(n+l)_l.i |:F"2+(WG"J:|2F" n KLng—l f

n U uzZuo"
1 dU° Stuu®
= TR _FFr_1]+wWe F'G-1
(UO)n—l 6)(0 ': :I SXO [ ]
1w 1 dlug W°  Slug
= MW~ OUWpp. W OUY g
(UO)n—l GXO (U 0)n—1 8)(0 (U O)n—l 6XO
13 w_LY 7 KL
=0 F"2+(—G"j .F +ﬁ'f2x;
g™ on U usu)
1 W, . o SInw
W@[G -GG —1]+U XO [F G —1]
1 SUOI w 1 Blug ... U° .8Iu FGn
(WO)n—l 6X0 (VVO)n—Z 620 (VVO)n—l 6)(0
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h-1
22
g™ 5n “w U-W?)

Their correct forms should be respectively.

gn+1 6U 0
(U O)n—l SXO

n+0 0
W suU =

~FF"- 1] 0y 5ol

6-1]

n+1 0 n 0
9" W pe O 00 . OW 30

_(UO)n—l' Sx° (U O)n—2 5x° (Uo)n—z 52°
n-1
2 | o n+l
~ (R0 {F"Z{V—VG-H F +%fzx; 1)
n u @
1 8U° . Suu® ., .
R M ATV )“ s o

1 oW® . 1 dlug .. WO Bluj

U T U)X (V)" &x°
n-1
22
e (e | e g, 2
9" on
and
1 , . u®  Sluw®, .,
W 80 ,[Gz GG"-1]+ W o [F'G-1]

1 8U° _., 1 §lug... U° Slug
o oyn-1° o’F o 0y\n-2 0 G"- 0yn-1 0
W7)™ ox W) ox W™ &x

n-1

= 1 i {G"?J{EF') T G"t+ K.L f2z (4.3)
W

g™ on U(W)
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Thus the modified form of the equation (17) of the above text (Schuwalter paper) is

0 0 0
(U 0)1—n 8U W (U )1— 8' U az (U 0)1—n 8W0
oz
n 8ug may0 OUQ
— UO 2 1- WO
a (U)o 5 =a () WSS
1 . 8W°
:a gn+1 G(VV )1
6W° U’
U 1-n 0 1—n.
W?°) =a;(W") v
-2, S o, oy 2 (4.4

The requirement of proportionality between U° and W as obtained from (4.4) may be stated

as
—kU° (4.5)
and therefore (4.4)

8U° 6U°

(U )1n68U (U )1n k(U )1n
x°

(UO)Z—r'IS—y_ k (UO)Z—n 89
2~ Y4hn

g ox g ox°

=8

SU°

— =a,(VU")"K, 5

:a5

Sy?° dy?°
=a, kU L — =8 KUY —
( ) " X2 (KU) G

k,U®)>" 8 U 2h8

where Ky is a constant, and
1= a7Ké_n :USKé_n;a1 =a,= aeké_n

a, =a,Ky" 1 a,=ak” (4.7)
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we also get

0

—ak, 8;209 —a, (Ugon{z_z (4.8)
Integrating (4.8) for U° and g separately, we get

U =T(x°+ Az%) (4.9)

g=[f(x*+Az")° (4.10)
Where

1=a,k,A=a,p=a,k,.Ap (4.11)
and

f'=aq flrH-p0 (4.12)

Here A and p are arbitrary constants and f is an arbitrary function. The constant p

oa—3 . . . .
corresponds to —— of our discussions in the proceeding sections.

Integration (4.12) and using (4.5), we get

U°=C(X°+Az")" (4.13)
W =ck,(x" + Az°)" (4.14)
and

g=c”(x’+ Az%)™ (4.15)
where m = !

[p(n+1)-(n-2)]
top the case when p(n+1)—(n—2)=0and a=0.
Ifp(n+1)—(n-2)=0;we get the solutions
U = CeBrt’+a) (4.16)

WO = kBP0 A2) (4.17)
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B(x°+Az°) pn—72
Y n+l

g= (4.18)

In the above equation, we can regard ko, B, C and C’ as arbitrary constants and then
(4.17) and (4.18) would determine a; to aio.

From (4.18), we find that the potential velocity is in a fixed direction and from (4.13)
and (4.14) we find that “similar solution” are possible when the potential velocity is
proportional to some power of the distance from a fixed stagnation straight line.

5. DISCUSSION

By putting ko = 0 and A = 0, we get the two dimensional case and the corresponding

equations for

P(n+1)—(n—2) =0 and a =1reduce to
U°(x") =c(x")" (5.1)
which is the same as (3.8)

and

1-2m+mn

g0 =c*(x’)

Which again is the case as (3.9)

For p(n + 1) — (n—2) = 0 equation (4.16) reduces to

U°(x°) = Ce®

:Cle(l—Zm_mn]Xo 42)
n+1

Which again is the same as the value of U(x) obtained in equation (3.13), also we get

n-2 o
n+1

g’y =Ce "

(n=2)(1-2m+mn) 0

=C'e >
(n+1)

(4.3)

which is the same as (3.14). Thus we see that Schualter’s statement gives result which

are the same as ours after the mathematical error is corrected.
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