International Research Journal of Mathematics, Engineering and IT

ISSN: (2348-9766)

Association of Academic Researchers and Faculties (AARF)

Impact Factor- 5.489Volume 6, Issue 8, Aug 2019

Website- www.aarf.asia, Email : editor@aarf.asia , editoraarf@gmail.com

Function Spaces and Absolute Almost-Convergence
Dr. Rajanish Kumar Shukla

V. B. S Govt. Degree College, Campierganj, Gorakhpur (U.P.)

E-mail: rajanish_shukla@rediffmail.com

Abstract

The objective of this paper is to introduce the new concept of absolute almost
convergence in functional case. We generalize the definition given by Das and Nanda in [2], and
also the certain new function spaces of Nanda in [10].

1. Introduction

Throughout this paper, E denote a Banach space of measurable essentially bounded real-
valued functions defined on the real line R with the norm

|| f || = ess.sup. {|f(X)| : x € R}

and let L be the set of all the Lebesgue integrable functions in every finite interval , for each x >
0 and f € E, we define the operator Tkx for each t € R by

(f+x); k>0,x>0 n(1.1)
(f +X) pox .
T fO=1"=], t+x-u)*f)duk>0x>0,
X<
T f(t):ﬁjx(x—v)k-lf(vﬂ)dv (1.2)
kX Xk oV TV WM e .

We assume that E contains the set S of bounded uniformly continuous function on R and the
functions Tyx f foreachfe Eand x>0 . Let

Fc={f € E: lim Tkx f () exists uniformly in t} ... (1.3)

X—>00

2. Key Words and Phrases

Almost convergence, strongly Fx - almost convergence, Absolute Fx - almost
convergence, function spaces.
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We call Fy, the set of all almost convergent functions and in this case we write

Fk—limf(t) = limTkxf (t) (see[5] &2 ... (1.4)

Note that if k = 1 the F1=F (see [2]) where F is the continuous analogue of almost
convergent sequences (see [6] and [1]).

We introduce [F«]p, the set of all strongly Fx — almost convergent functions with index p

- 1 X p
[Fidp = £F lim [T f®-s/ du=0 (1.5)

for some s uniformly int}k>1,p>1
It is evident that [F]p € Fxand [Fi]p — limf=s= Fx—limf =s. ( see [7] & [8]).

Let f (u) be any function which is Lebesgue integrable in (0, u) for all finite u > 0, and
that f (u) is bounded in some right hand neighborhood of origin.

Let f (u) = jo a(w)dw (1.6)

where a (o) is Lebesgue integrable in each finite interval of u> 0. Then it is easy to

justify the differentiation under the integral sign and that

xdiTk J) =KT  fO-T fOI= ijox(x —Vv)“*va(v +t)dv = ¢, (x,t),say ....(1.7)
X ' ' X
Dividing out by x , we get

d

k ¢x
ST fO="5 [ (x=v)va(v+t)dv =, (x,b) say (1.8)

3. Absolute Almost Convergence

Q) We define |Fklp, for p > 0 and k > 1, the set of all absolutely F« —almost convergent
functions with index p :

|F|IO =Jf :TxIOl

T

p

d
dX < oo uniformly in t for some T>0%} ....(2.1)

—T. f(t
dX k,X ()

In view of relation (1.7), we may restate the definition |Fx|, as follows :
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(I)E(X,t)‘p dx <o uniformly int forsome T>0} ... (2.2)

IRl ={f :jxx‘1
T
In view of relation (1.8), we may restate the definition |Fx|, as follows :
\Fk‘p - { f :jxp‘1\¢k(x,t)\p dx < oo uniformlyintforsome T>0}  ....(2.3)
T
We further define
‘Ifk‘ :{f :supjxpl\¢k(x,t)\pdx<oo} e (2.4)
p t T

Note that, in any results involving the space |Fk |p for values of k < 1 we restrict ourselves to the
case in which f (u) is an indefinite integral of a function a(u), say: sup ensures that the derivative

(diT" ¥ (t)j exist almost everywhere.
< K

Such a restriction is not, however, needed when k > 1.

In the case p = oo , we interpret

d

Oox'”‘l —T  f(t
-IJ-‘ dX k,X ()

as meaning

L1, f()=00)
dx

p
dx < oo,

Hence |F, |, ={f ZX%Tkyxf(t) =0(1) uniformly in t} ..(2.5)

It is evident that |Fx | € Fk but the converse inclusion is not always true. However the
inclusion |Fy|p € Fx, does not, in general hold.

We also define the spaces

[F], ={f :lim x‘lj'ox | xdiTk P dx < oo uniformly in t} ....(2.6)
X—>00 X

[Fel, ={f: j1°° xT, FO P dx<oo uniformly int} ... 2.7)

It is worth mentioning that (as may easily be proved by integration by parts)
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[F«1, <[FR 1,
(i) Forp>1, k=1

[R1, =[F1, ={f :wap‘1|%TLXf 1P dx < oo uniformly in t for some T >0} ..(2.8)

={f :Looxp‘1|c|>(x,t) |P dx < oo uniformly in t for some T >0}

[F] =€F :sup [ X" ,(x 1) [P dx <o} (29)
t

where T, T(0)== [ f(v+t)av
| J

In this case

d
X&Tl,x f (t) = {TO,X f (t) _Tl,x f (t)}

:[f(x+t)—%_..oT f(v+t)va

Dividing out by x, we have

O O = [TF (1) F v+ D]dv = h(x,1) say [seef2]
dx ~ X 70

We now give a generalization of the set of absolute almost convergent functions defined
by Das and Nanda (in [2]. we define

L, = {f: Tixf (t) € BVy uniformly in t } ... (2.10)
Since Tkx f (t) € BVx uniformly in t implies

Tkx f (t) — a limit as X — oo uniformly in t, it follows that I:k C Fx. In view of relation

(1.8), we may restate the definition of I:k as follows.

I:k ={f :LOO| ¢, (x,t) | dx converges uniformly in t} ... (2.11)

L ={f sup j1°°|¢k(x,t)|dx<oo} e (212)

In further f € BV . then We have,
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b, (X, 1) = % [ (x=v)vf (v+1) = % [(x-v)Iva@+tav ...213)
0

0
d
where — f(u) =a(u) ae.
du

@iii) For0O<p<oo,k>1

Ifk’p ={f 1j1w| ¢, (x,t) |” dx converges uniformly in t} e (2.14)
L., ={f :supjl | &, (X,1) | dx < o0} ....(2.15)
t
Note that if p=1then [, =L, & Iik‘p =L

The cases k =1 of definitions (2.10) to (2.15) are due to Das and Nanda [2]. The series
analogues of these concepts have been introduced and discussed in [3]

4. Some Function Spaces

We define, for 1 <p <o

— © p

L., ={f :L | T, f(t)| dx converges uniformly in t}
We introduce another related concept

Lop ={f ssup[ | T, F (O dx <o}
t

0 k X .
C, |, ={f :L |Fj0 (x=Vv)*f (v)dv |P dx < oo}
L ={f :sup|T, , f(t)|<oc}.

Note that

L, ={f :jo“’| f(t)|° dt <oc}, and L, ={f :esssup| f (t)|<wc}

Further we see that it is evident that Ly Cl,

| Tkx () |>] Tox f()|[=|f(t+x)|,x>0,k=0and
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and [T, F()I< %sup | f(v+1)] jox(x —v)“dv
=sup| f(v+1t)|=sup| f(t)|
Vv t

andhence L. =L

00

Further we define
0 k X
I e p

ICes lp=AF : [ Lz [, 1 T ()17 dvldx <oc}
then evidently |C, |, <|C, |,
Theorem (4.1): Ek‘p C fk’p
Proof.: Let Fe Ifk'p. This implies that

[ 1T F@ 1P dx <o, uniformlyin ¢

= sup[ [T, F(t)P<o0

¢ vt

Hence fel, .

Theorem (4.2).: For 1< p<oo,k 21,1 < Ekyp |

In order to prove this theorem, we require the following inequality.

Lemma (Inequality). For p > 1, 1 +1 =1,0< JOOO| f(X)|? dx < cowe have
P q

J.:[ijoxl f(t)ldt]pdx<qu'ow| f(t)]° dt.

See Hardy, Littlewood and Polya [(92) Chapter 9] for the proof of above inequality.

Proof of Theorem 4.2 : Let f € L,. It follows trivially for p = 1 and from the above inequality

for p > 1 that jo“’[ikf”(ux—u)k—w f (u) | du]”dx :j:[ikj(x—v)kﬂ F(v+t)|du]®
X X

<qu1"°| f(v+t)]” dv:qu1°°| F(v)|° dv <o,

© Associationof Academic Researchers and Faculties (AARF)

A Monthly Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories.

Page | 32



Hence f €L, ., and this completes the proof.

k,p !

Theorem 4.3 :For1 <p<ow,k>1, Lp and Lk’p are Banach spaces normed by

1

I flemsop([ T tOP ) @)

Proof: Let f e Ek,p . Then (4.1) is meaningful because of theorem 4.3. It is fairly easy to verify

that (4.1) defines a norm. In the same way to the case of Lp, it can be shown that Lk,p and Lk,p

are complete in the norm.

References

1. Banach, S. : Theorie des operations lineaires, Warszawa (1932).

2. Das, G. and Nanda, S. : Functional Banach limits, Journal of Indian Math. Soc. 59 (1993), 61—
78.

3. Das, G., Kuttener, B. and Nanda, S. : Some sequence spaces and absolute almost convergence
Trans. Amer. Math. Soc. 283 (1984), 729-739.

4, Hardy, G.H., Littlewood, J.E. and Polya, G. : Inequalities, Cambridge University Press,
Cambridge (1952).

5. Ho, Tien-Kung : Continuous analogue of almost convergent sequences. Tamkang J. Math. 6
(1975), 285-289.

6. Lorentz, G.G. : A contribution to the theory of divergent sequences. Acta Math., 80 (1948), 167—
190.

7. Mishra, B.P. and Jaiswal, Mamta Rani : Some generalizations of spaces of almost convergent
sequences. Nat. Acad. Math. 2001 (87-97).

8. Mishra, B.P. & Jaiswal, Mamta Rani : Some generalization of the spaces of almost convergent
and strongly almost convergent functions. J. Nat. Acad. Math. 13 (1999), 123-128.

9. Mishra, B.P. and Pathak, S.N. : Absolute summability of functions based on a (C, C, k)

summability method. J. Nat. Acad. Math. 11 (1997), 152-175.
10. Nanda, S. : Some function spaces and almost convergent. J. Nat. Acad. Math. 13 (1999), 70-73.
11. Raimi, Ralph A. : Mean values and Banach limits. Proc. Amer. Math. Soc., 8 (1957), 1029-1036.

© Associationof Academic Researchers and Faculties (AARF)

A Monthly Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories.

Page | 33



