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Abstract

In this paper using the concept of absolutely almost convergence introduced by Das, Kuttner
and Nanda [4] we have determine the concept of almost a-dual in [2] and have determined
the same for generalized difference sequence space [, (A™) and [, (4,).

1 Introduction

Let I, c and ¢, be the linear spaces of bounded, convergent and null sequences x = (xy)z-1
of complex numbers respectively, normed by

lIxlleo = sup |xy|
k=1

where k € N and N is the set of positive integers.
Kizmaz [6] defined the sequence spaces

leo (8) = {x = (xx): Ax € loo}

c(A) = {x = (x): Ax € ¢}
and
co(Q) = {x = (xy): Ax € ¢}
where
Ax = (Axy) = (xg — Xg41)

These spaces are Banach spaces with the norm
llxll = lxq | + [[Ax][oo
where

|Ax [0 = sup|xg — X1l
k=2

For convenience, we denote these spaces Al,,, Ac and Ac, and call the constituent sequences
A-bounded, A-convergent and A-null sequences respectively.

© Associated Asia Research Foundation (AARF)

A Monthly Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories.

Page |9


mailto:rajanish_shukla@rediffmail.com
http://www.aarf.asia/
mailto:editor@aarf.asia
mailto:editoraarf@gmail.com

Let E be any of the spaces ¢, ¢ and ¢, then it is easy to see that E c AE. Further, the
containment is strict.

For example, let x;, = k, k = 1,2,3, ... then the sequence (x;) € ¢ though (x;) € Ac.

Let p = (py) denote a sequence of strictly positive numbers (not necessarily bounded).
Ahmad and Mursaleen [1] defined the sequence spaces

Ao (p) = {x = (x): Ax € £, (p)}
Ac(p) = {x = (x): Ax € c(p)}
Aco(p) = {x = (xy): Ax € co(p)}

When (py,) is constant with all terms equal to p > 0, we have
Ao (p) = £0(A), Ac(p) = c(8) and Aco(p) = co(A).
Et. and Colak [5] defined the sequence spaces

Lo (A™) = {x = (x;): A™x € £}
c(A™) = {x = (x}):A™x € c}

and
co(A™) = {x = (x1): A™x € ¢y}
wherem € N,

A% = xp, Ax = (X — Xg41)
A™x = (A™xy) = (A™ Moy — A™ g q)

These spaces are Banach spaces with the norm

m
llla = D lxil + 147l
i=1

where

x|l = :up |A™ L — A gy
>m

The idea of the dual sequence spaces was introduced by Kéthe-Toeplitz [7] whose main
results concerned a-duals. Since there are several type of duals in the literature. The a-dual
of E c S where S is the linear space of complex sequence and E denote a set or space of
complex sequences is defined as

E* = {a = (a,) € S:Z lagxy| < oo, forall x € E}
k

=1

Lorentz [8] has defined a sequence x € 4, to be almost convergent if all the Banach limit of x
coincided. Let € denote the set of all almost convergent sequences. Lorentz [8] proved that

k
v 12 Xn+; €xists uniformly in n}

=0

R 1
C ={x: lim ——
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In 1984 Das, Kuttner and Nanda [4] developed the concept of absolutely almost convergent
series as an absolute analogue of almost convergence.

Ansari & Shukla [2] introduced the concept of almost a-dual and determined the almost a-
dual of ¢y, c and [, namely,

where

oo k

N 1 )

t = {a = (ak):z mz anyil < 00}
k=1 i=1

uniformly in n, which is the space of most absolutely almost convergent series. It is an
extension of the well known fact that

cf =c*=4% =4,

Hence distinction has been made between an absolutely almost convergent series and a most
absolutely almost convergent series.

2 Some Definitions
Let

oo
a = Z a;
i=0
be an infinite series of complex numbers and (x, 5=, be its sequence of partial sums i.e.
Xp=0apta;+a;+- -+ a,

Das, Kuttner & Nanda [4] define

k
1
din = dion(®) = =7 12 Xpap (k> 0,1 > 0)
i=0

Considering
don = don(X) = Xp—1
Write for k,n > 0
Grn = Pen(@) = diy1n — din
Then
bon = an

1.e.

k
LN
ben =757 ). (nsi (k= 1)
i=1
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Then the series a or the sequence x is said to be absolutely almost convergent if

Z |Brcn
k=1

converges uniformly in n as defined o in [4].
Using the notion of absolutely almost convergence developed by Das and Kuttner and Nanda
in [4], we introduce the concept of almost a-dual in [2].

Thus, if E is a set or a space of sequence of complex numbers, the almost a-dual of E is
denoted by E¢, defined by

E% = {a = (ap): X%, ﬁ |TE | iansiXn4i| < 0, Vx = x;, € E uniformly in n}
We make use of the following lemma whose proof can be found in Kizmaz [6].

Lemma 1.
sgplxk — Xpp1| < 0o, iff
(i)
supk™1|x;| < 0 &
k=1
(i)

sup |x — k(k + 1) x| < 00
k

Theorem 1. The almost a-dual of £, (4) is given by
[0 (A)]% = {a = (ar): Xr=1 k(k;ﬂ) K | i(n+i)|ay4i| < oo, uniformly for every n} = D;.

Proof: Let (x,) € £,,(A) and a € D, then

i |¢k,n| = i
k=1

= k=1

[°S) k
1 . , |xn+i|
< - .

k
1 .
i=1

|xn+i|

1
< Z — < Sup -
] k(k + 1) 1<i<k (n + l) =~

k k
<su ME ;Z i(n+)|ayyil
A g L kel + 1) & n+i
= 1=

< oo for every n. [ By Lemma 1]

i(n + i)lan+i|

Thus

Z |prn| < oo foralln
=1

Converse, suppose a = (a) € [£(A)]% but (ay) € Dy,
ie.
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Z k(k + 1)2 l(n+ l)la‘n+l| = oo for some n.

Choose x = (x;) with x;, = ksgna,, then x € £,,(A) but

(e k oo k

1 . 1 . .
Z k(k + 1)Z tn+i = Z Kk + 1)2 i+ Dlanyl = e
k=1 i=1 k=1 i=1

which is a contradiction to the fact that (a;,) € [£e(A)]%.
Hence

[£e0(8)]% = Dy
Theorem 2: For every strictly positive sequence p = (p,), we have

[A'gm(p)]d = ﬁl(p)’ where

© k
. 1 } . . . .
Di(p) = ﬂ {a = (ak):kz:1 mzl i(n +i)|ay;INY/Pr+i < oo uniformly in n
= 1=

N>1

Proof: Let a € D, (p) and x € AL, (p). We choose an integer

p
N > max{l, sip |%| k}

Then
o) k 1Y) 1 k | |
, . Xn+i
Z Z [AniXnti| < 2 —Z i(n+Dlanpyl -
o] k(k +1) - o] k(k+1) £ (n+1)
NI L o
< 2 mz iln+ l)lan_H'lN nt < o
k=1 i=1
therefore

(ak) € [A’Boo (p)]&

Converse: Now suppose that

€ [Als,(p)]%

but a ¢ Dy, i.e., there is an integer N > 1 such that

0 k

RS .
ZWE i+ D)y NP = o0
k=1 =1

Choose x = (x) with x;, = kN'/Pksgna,. Then
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X € Ao (p) but
[} k %} k
1 . 1 o y
Z mz {AptiXnsi = z mz i(n+ Dlap|NV/Pn
k=1 i=1 k=1 i=1
= O
which is a contradiction that
(ay) € [Alo(p)]*
Hence
[A2, (p)]% = Dy (p)

Theorem 3. Let p;, > 0 for every k, then

[£0 (0)]% = 21(P)

where
oo 0o 1 k
2.(p) = ﬂ {a = (ak):Z mz i|a,4;|NY/Pnti < oo uniformly in n}.
N=2 k=1 i=1

Proof. Leta € 2, (p) and x € ¢, (p). We choose an integer
N > max{l, suplxklpk}
k

then

z || = z k(kH)Z il

1/Dn+i
Z k(k+1)z et |N7/Pnet < oo

and therefore

2,(0) € [l (@)]*

Conversely, if (ai) € [« (p)]% but (ai) ¢ ?,(p), then there exists an integer N > 1 such that

1/Pn+i =
Z k(kH)Z il |NY/Prst = oo

Putting
x;, = N'/Pksgna,

we have x € £,,(p), but

c 1 : i 1 k
z mz ian+ixn+i = Z mz ilan+i|N1/Pn+i -
k=1 i=1 k=1 =
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which is a contradiction that (a;,) € [, (p)]¢. Hence

[£0 (0)]% = 21(D)
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