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Abstract 

In this paper we introduce the concept of almost 𝛼-dual and determine the same for the well 
known sequence spaces 𝑐0, 𝑐 and 𝑙∞ which denote respectively the sequence space of null, 

convergent and bounded sequences of complex numbers. 

1 Introduction 

The idea of the dual sequence spaces was introduced by Köthe and Toeplitz [3] whose main 
results concerned 𝛼-duals. The 𝛼-dual of 𝐸 ⊂ 𝑆 where 𝑆 is the linear space of complex 
sequences and 𝐸 denote a set or space of complex sequences is defined as 

𝐸𝛼 = {𝑎 ∈ 𝑆: ∑  

∞

𝑘=1

  |𝑎𝑘𝑥𝑘| < ∞, for all 𝑥 ∈ 𝐸} 

Let 𝑐0, 𝑐 and 𝑙∞ respectively denote the Banach space of all null, convergent and bounded 
sequences of real or complex numbers normed as usual by 

‖𝑥‖∞ = sup
𝑛

 |𝑥𝑛| 

It is known that the 𝛼-dual of 𝑐0, 𝑐 and 𝑙∞ respectively being denoted by 𝑐0
𝛼 , 𝑐𝛼 and 𝑙∞

𝛼  is 𝑙1 
which is the space of absolutely convergent series. 

In our case, the almost 𝛼-dual of 𝑐0, 𝑐 and 𝑙∞ is 𝑙1 which is the space of absolutely almost 
convergent series. This is a natural extension of 𝑙1. 

Let 𝐷 be the shift operator on 𝑙∞, i.e. 
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𝐷(𝑥𝑛) = 𝑥𝑛+1 

It may be recalled that Banach limit 𝐿 (see Banach [1]) is a non-negative linear functional on 
ℓ∞ such that 𝐿 is invariant under the shift operator i.e. 

𝐿(𝐷𝑥) = 𝐿(𝑥) ∀𝑥 ∈ ℓ∞ 

and 𝐿(𝑒) = 1, where 

𝑒 = {1,1,1, … } 

A sequence 𝑥 ∈ ℓ∞ is called almost convergent (see Lorentz [4]) if all Banach limits of 𝑥 

coincide. Let 𝐶̂ denote the set of all almost convergent sequences. Lorentz [4] proved that 

𝐶̂ = {𝑥: lim
𝑝→∞

 
1

𝑝 + 1
∑  

𝑝

𝑖=0

 𝑥𝑛+𝑖 exists uniformly in 𝑛} 

A new sequence space ℓ̂1 of absolutely almost convergent series, which emerges naturally as 
an absolute analogue of almost convergence, has been introduced in a natural way by Das, 
Lalitner and Nanda [2]. Given an infinite series ∑  𝑎𝑛 being denoted by 𝑎, we write 

𝑥𝑛 = 𝑎0 + 𝑎1 + 𝑎2 + ⋯ + 𝑎𝑛 

Define 𝑑𝑝,𝑛 as 

𝑑𝑝,𝑛 = 𝑑𝑝,𝑛(𝑥) =
1

𝑝 + 1
∑  

𝑝

𝑖=0

𝑥𝑛+𝑖 (𝑝 > 0, 𝑛 ≥ 0) 

By taking 

𝑑0,𝑛 = 𝑑0,𝑛(𝑥) = 𝑥𝑛−1 

We then write for 𝑝, 𝑛 ≥ 0 

𝜙𝑝,𝑛 = 𝜙𝑝,𝑛(𝑎) = 𝑑𝑝+1,𝑛 − 𝑑𝑝,𝑛 

then 

𝜙0,𝑛 = 𝑎𝑛

𝜙𝑝,𝑛 =
1

𝑝(𝑝 + 1)
∑  

𝑝

𝑖=1

 𝑖𝑎𝑛+𝑖 (𝑝 ≥ 1)
 

The series 𝑎 (or the sequence 𝑥 ) is said to be absolutely almost convergent if 

∑  

𝑝

|𝜙𝑝,𝑛| converges uniformly in 𝑛.  

2 Almost 𝛼-dual (Def:) 

Using the concept of absolutely almost convergent series, we introduce the concept of almost 
𝛼-dual of a sequence space of scalars as 
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𝐸𝛼̂ = {(𝑎𝑛) ∈ 𝑆: ∑  

∞

𝑘=1

 𝑎𝑘𝑥𝑘 absolutely almost converges for (𝑥𝑘) ∈ 𝐸} 

Theorem 2.1:  𝑐0
𝛼̂ = 𝑐𝛼̂ = ℓ∞

𝛼̂ = ℓ̂1 
where 

ℓ̂1 = ∑  

∞

𝑝=1

1

𝑝(𝑝 + 1)
∑  

𝑝

𝑖=1

𝑖|𝑎𝑛+𝑖| < ∞ uniformly for every 𝑛 

Proof: Since 𝑐0 ⊂ 𝑐 ⊂ ℓ∞ ⇒ ℓ∞
𝛼̂ ⊂ 𝑐𝛼̂ ⊂ 𝑐0

𝛼̂. Now we show that ℓ∞
𝛼̂ = ℓ̂1 and that it is 

sufficient to show that 𝑐0
𝛼̂ ⊂ ℓ̂1 so that the theorem is complete. 

Let (𝑥𝑘) ∈ ℓ∞ and 𝑎 = (𝑎𝑘) be a sequence of complex numbers such that 

∑  

∞

𝑝=1

1

𝑝(𝑝 + 1)
∑  

𝑝

𝑖=1

𝑖|𝑎𝑛+𝑖| < ∞ uniformly for every 𝑛 

Let 

𝑦𝑛 = ∑  

𝑛

𝑘=1

 𝑎𝑘𝑥𝑘

𝑑𝑝,𝑛 =
1

𝑝 + 1
∑  

𝑝

𝑖=0

 𝑦𝑛+𝑖 (𝑝 > 0, 𝑛 ≥ 0)

𝜙𝑝,𝑛 =
1

𝑝(𝑝 + 1)
∑  

𝑝

𝑖=1

 𝑖𝑎𝑛+𝑖𝑥𝑛+𝑖 (𝑝 ≥ 1)

 

Then 

∑  

∞

𝑝=1

  |𝜙𝑝,𝑛| = ∑  

∞

𝑝=1

  |
1

𝑝(𝑝 + 1)
∑  

𝑝

𝑖=1

 𝑖𝑎𝑛+𝑖𝑥𝑛+𝑖|

≤ ∑  

∞

𝑝=1

 
1

𝑝(𝑝 + 1)
∑  

𝑝

𝑖=1

 𝑖|𝑎𝑛+𝑖||𝑥𝑛+𝑖|

< ∑  

∞

𝑝=1

  sup
1≤𝑖≤𝑝

 |𝑥𝑛+𝑖| ∑  

∞

𝑝=1

 
1

𝑝(𝑝 + 1)
∑  

𝑝

𝑖=1

 𝑖|𝑎𝑛+𝑖|

< sup
1≤𝑖<∞

 |𝑥𝑖| ∑  

∞

𝑝=1

 
1

𝑝(𝑝 + 1)
∑  

𝑝

𝑖=1

 𝑖|𝑎𝑛+𝑖|

< 𝑀 ∑  

∞

𝑝=1

 
1

𝑝(𝑝 + 1)
∑  

𝑝

𝑖=1

 𝑖|𝑎𝑛+𝑖|

< ∞

 

for every 𝑛 (  where 𝑀 = sup
𝑖≥1

 |𝑥𝑖| = ‖𝑥‖∞) 

Thus 



 

© Associated   Asia   Research   Foundation (AARF) 
A Monthly Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories. 

 

Page | 12 

∑  

∞

𝑝=1

|𝜙𝑝,𝑛| < ∞, ∀𝑛 

Converse. 

Suppose 𝑎 = (𝑎𝑘) be a sequence of complex numbers such that (𝑎𝑘) ∈ ℓ∞
𝛼̂  but 

∑  

∞

𝑝=1

1

𝑝(𝑝 + 1)
∑  

𝑝

𝑖=1

𝑖|𝑎𝑛+𝑖| = ∞  for some 𝑛 

Define a sequence 𝑥 = (𝑥𝑘), where 𝑥𝑘 = sgn𝑎𝑘, for every 𝑘, then (𝑥𝑘) ∈ ℓ∞, putting 𝑥𝑛+𝑖 =
sgn𝑎𝑛+𝑖, we obtain 

∑  

∞

𝑝=1

1

𝑝(𝑝 + 1)
∑  

𝑝

𝑖=1

𝑖𝑎𝑛+𝑖𝑥𝑛+𝑖 = ∑  

∞

𝑝=1

1

𝑝(𝑝 + 1)
∑  

𝑝

𝑖=1

𝑖|𝑎𝑛+𝑖| = ∞ 

This is a contradiction that (𝑎𝑘) ∈ ℓ∞
𝛼̂ . Now it is sufficient to show that 𝑐0

𝛼̂ ⊂ ℓ̂1. 

Let 𝑎 = (𝑎𝑘) be a sequence of complex numbers such that (𝑎𝑘) ∈ 𝑐0
𝛼̂ but (𝑎𝑘) ∈ ℓ̂1, i.e. 

∑  

∞

𝑝=1

1

𝑝(𝑝 + 1)
∑  

𝑝

𝑖=1

𝑖|𝑎𝑛+𝑖| = ∞  for some 𝑛 

Since 

 ∑  

∞

𝑝=1

 
1

𝑝(𝑝 + 1)
∑  

𝑝

𝑖=1

 𝑖|𝑎𝑛+𝑖| ≤ ∑  

∞

𝑖=1

  |𝑎𝑛+𝑖|

 ⇒ ∑  

∞

𝑖=1

  |𝑎𝑛+𝑖| diverges for this 𝑛.

 

Define 𝑥 = (𝑥𝑘) such that 

𝑥𝑘 = {
0 , ∀𝑘 ≤ 𝑛,

sgn
𝑎𝑛+𝑖

𝑖
, ∀𝑘 = 𝑛 + 𝑖, 𝑖 = 1,2,3, ⋯ .

 

Then (𝑥𝑘) ∈ 𝑐0. Since, 

∑  

∞

𝑝=1

1

𝑝(𝑝 + 1)
∑  

𝑝

𝑖=1

𝑖𝑎𝑛+𝑖𝑥𝑛+𝑖 = ∑  

∞

𝑝=1

1

𝑝(𝑝 + 1)
∑  

𝑝

𝑖=1

|𝑎𝑛+𝑖| 

= ∑  

∞

𝑝=1

(
1

𝑝
−

1

𝑝 + 1
) 𝑠𝑝  ( where 𝑠𝑝 = ∑  

𝑝

𝑖=1

  |𝑎𝑛+𝑖|) 

Since 
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∑  

∞

𝑖=1

|𝑎𝑛+𝑖| diverges, therefore ∑  

∞

𝑝=1

𝑠𝑝

𝑝
 

and 

 ∑  

∞

𝑝=1

 
𝑠𝑝

𝑝 + 1
 also diverges, therefore the series 

 ∑  

∞

𝑝=1

 
1

𝑝(𝑝 + 1)
∑  

𝑝

𝑖=1

 𝑖𝑎𝑛+𝑖𝑥𝑛+𝑖 = ∑  

∞

𝑝=1

 
1

𝑝(𝑝 + 1)
∑  

𝑝

𝑖=1

  |𝑎𝑛+𝑖|

 

does not converge. 

This is a contradiction, therefore 𝑐0
𝛼̂ ⊂ ℓ̂1, and the proof is complete. 

3 Semi Difference sequence space (Def:) 

Let 𝑤 be the space of all complex valued sequences 𝑥 = (𝑥𝑘). Kizmaz [3] introduced the 
difference sequence space 

ℓ∞(Δ) = {𝑥 = (𝑥𝑘) ∈ 𝑤: (Δ𝑥𝑘)𝑘=1
∞ ∈ ℓ∞} 

He further proved that a sequence (𝑥𝑘) ∈ ℓ∞(Δ) iff 
(i) 

sup
𝑘≥1

 
|𝑥𝑘|

𝑘
< ∞ 

(ii) 

sup
𝑘≥1

 |𝑥𝑘 − 𝑘(𝑘 + 1)−1𝑥𝑘+1| < ∞ 

By considering the first of the above two conditions i.e. (i), we have constructed a new 
sequence space and call it to be a semi difference sequence space. Thus a semi difference 
sequence ( 𝑥𝑘 ) is defined as a sequence ( 𝑥𝑘 ) such that 

sup
𝑘≥1

 
|𝑥𝑘|

𝑘
< ∞ 

or a semi difference sequence space 

ℓ∞(𝑠Δ) = {𝑥 = (𝑥𝑘) ∈ 𝑤: sup
𝑘≥1

 
|𝑥𝑘|

𝑘
< ∞} (3.1) 

Theorem 3.1 :  ℓ∞(𝑠Δ) is a Banach space with the norm defined by 

‖𝑥‖ = sup
𝑘≥1

 
|𝑥𝑘|

𝑘
(3.2) 

Proof: It is easy to see that ‖𝑥‖ defined in (3.2) is a well defined on 𝑙∞(𝑠Δ). Now we prove 

that 𝑙∞(𝑠Δ) is a complete normed space with respect to the above norm. 

Let {𝑥𝑟}𝑟=1
∞  be a Cauchy sequence in 𝑙∞(𝑠Δ) where 𝑥𝑟 = {𝑥𝑘

𝑟}𝑘=1
∞  such that 
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sup
𝑘≥1

 
|𝑥𝑘

𝑟|

𝑘
< ∞, (𝑟 = 1,2,3, ⋯ ) 

Given 0 < 𝜀 < 1, ∃ a positive integer 𝑁0 such that 

‖𝑥𝑟 − 𝑥𝑠‖ < 𝜀 ∀𝑟, 𝑠 ≥ 𝑁0 

or 

|
1

𝑘
(𝑥𝑘

𝑟 − 𝑥𝑘
𝑠)| < 𝜀, ∀𝑟, 𝑠 ≥ 𝑁0∀𝑘 ≥ 1 (3.3) 

This shows that for a fixed 𝑘(1 ≤ 𝑘 < ∞), the sequences 

(
𝑥𝑘

𝑟

𝑘
)

𝑟=1

∞

 

is a Cauchy sequence of complex numbers. Since the space of complex numbers is a complete 
normed space, therefore 

(
𝑥𝑘

𝑟

𝑘
)

𝑟=1

∞

 

is converges in it. Suppose that the limit 

lim
𝑟→∞

 
𝑥𝑘

𝑟

𝑘
= 𝑦𝑘 ,  for some 𝑦𝑘 ∈ 𝐶 

Define 𝑥𝑘 = 𝑘𝑦𝑘 and 𝑥 = (𝑥𝑘)𝑘=1
∞ , keeping 𝑟 fixed and taking the limit when 𝑠 → ∞ in (3.3), 

we get 

|
1

𝑘
(𝑥𝑘

𝑟 − 𝑥𝑘)| < 𝜀, ∀𝑟 ≥ 𝑁0&∀𝑘 ≥ 1 

or 

sup
𝑘≥1

  |
1

𝑘
(𝑥𝑘

𝑟 − 𝑥𝑘)| ≤ 𝜀, ∀𝑟 ≥ 𝑁0 

or 

𝑥𝑟 → 𝑥  as 𝑟 → ∞ 

Now we must show that 𝑥 ∈ ℓ∞(𝑠Δ), we have 

|𝑥| = sup
𝑘≥1

 
|𝑥𝑘|

𝑘

= sup
𝑘≥1

 
|𝑥𝑘 − 𝑥𝑘

𝑟 + 𝑥𝑘
𝑟|

𝑘

< sup
𝑘≥1

 
|𝑥𝑘 − 𝑥𝑘

𝑟|

𝑘
+ sup

𝑘≥1
 
|𝑥𝑘

𝑟|

𝑘
< 𝜀 +  finite number 

⇒ 𝑥 ∈ ℓ∞(𝑠Δ)
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Therefore, ℓ∞(𝑠Δ) is a Banach space. This completes the proof. 

Theorem 3.2 : The 𝛼-dual of 𝑙∞(𝑠Δ) is 𝑙∞
𝛼 (𝑠Δ) i.e. 𝐷𝑠, 

 where 𝐷𝑠 = {𝑎 = (𝑎𝑘) ∈ 𝜔: ∑  

∞

𝑘=1

 𝑘|𝑎𝑘| < ∞} (3.4) 

Proof : Let (𝑎𝑘) ∈ 𝐷𝑠 and 𝑥 ∈ 𝑙∞(𝑠Δ). Then 

∑  

∞

𝑘=1

  |𝑎𝑘𝑥𝑘| = ∑  

∞

𝑘=1

 𝑘|𝑎𝑘|
|𝑥𝑘|

𝑘

< sup
𝑘≥1

 
|𝑥𝑘|

𝑘
∑  

∞

𝑘=1

 𝑘|𝑎𝑘|

< ∞ ( using Theorem 3.1&3.4)

 

Thus (𝑎𝑘) ∈ 𝑙∞
𝛼 (𝑠Δ). 

Conversely, if (𝑎𝑘) ∈ 𝑙∞
𝛼 (𝑠Δ), then 

∑  

∞

𝑘=1

|𝑎𝑘𝑥𝑘| < ∞  for each 𝑥 ∈ 𝑙∞(𝑠Δ) 

Define 𝑥 = (𝑥𝑘) where (𝑥𝑘) = 𝑘 for each 𝑘. 

∑  

∞

𝑘=1

  |𝑎𝑘𝑥𝑘| = ∑  

∞

𝑘=1

  |𝑎𝑘||𝑥𝑘|

= ∑  

∞

𝑘=1

 𝑘|𝑎𝑘|

< ∞  using 3.4

⇒ (𝑎𝑘) ∈ 𝐷𝑠

 

Therefore, 

𝑙∞
𝛼 (𝑠Δ) = 𝐷𝑠 

Thus we complete the proof. 
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