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Abstract

In this paper we introduce the concept of almost a-dual and determine the same for the well
known sequence spaces ¢, ¢ and [, which denote respectively the sequence space of null,
convergent and bounded sequences of complex numbers.

1 Introduction

The idea of the dual sequence spaces was introduced by Kéthe and Toeplitz [3] whose main
results concerned a-duals. The a-dual of E c S where S is the linear space of complex
sequences and E denote a set or space of complex sequences is defined as

E® = {a ES:Z laxx,| < oo, forallx € E
k=1

Let ¢, c and [, respectively denote the Banach space of all null, convergent and bounded
sequences of real or complex numbers normed as usual by

”x”oo = Suplxnl
n

It is known that the a-dual of ¢, c and [, respectively being denoted by c§, c* and (% is 4
which is the space of absolutely convergent series.

In our case, the almost a-dual of ¢y, ¢ and [, is [; which is the space of absolutely almost
convergent series. This is a natural extension of /.

Let D be the shift operator on [, i.e.
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D(xn) = Xp41

It may be recalled that Banach limit L (see Banach [1]) is a non-negative linear functional on
¢4 such that L is invariant under the shift operator i.e.

L(Dx) = L(x) Vx € £,
and L(e) = 1, where
e={111.}

A sequence x € ¢, is called almost convergent (see Lorentz [4]) if all Banach limits of x
coincide. Let € denote the set of all almost convergent sequences. Lorentz [4] proved that

p
A 1 . . .
C =<{x:lim —Z Xn+i €xists uniformly in n
poop + 14 4
1=

A new sequence space #, of absolutely almost convergent series, which emerges naturally as

an absolute analogue of almost convergence, has been introduced in a natural way by Das,

Lalitner and Nanda [2]. Given an infinite series ), a, being denoted by a, we write
Xp=0ap+ta;+a,+-+ay,

Define d,, , as

p
1
dpn = dpn(x) = mzo Xn+i (@ >0,n = 0)
1=

By taking
don = don(x) = Xn—1
We then write for p,n > 0
o = Ppn(@) = dpy1n —dpy
then

¢0,n =dan

p
1
¢p,n = —Z [Qp4g (p = 1)
pp+1) &

The series a (or the sequence x ) is said to be absolutely almost convergent if

Z |¢p.n| converges uniformly in n.
P

2 Almost a-dual (Def:)

Using the concept of absolutely almost convergent series, we introduce the concept of almost
a-dual of a sequence space of scalars as
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E% = {(an) €S: Z a; x; absolutely almost converges for (x;) € E
k=1

Theorem 2.1: ¢ = c% = ¢% =P,

where

o 14
X 1
b, = Z —Z |ansl < oo uniformly f
1 ) st DL ilan4il < oo uniformly for every n
p=1 i=1
Proof: Since ¢, c c c £, = £% c ¢ c c&. Now we show that % = 2, and that it is
sufficient to show that ¢& c 2, so that the theorem is complete.
Let (x;) € ¢, and a = (a;) be a sequence of complex numbers such that
L P
_ ] ;| < oo uniformly for eve
Z p(p+1)Z a4l y ryn
p=1 i=1
Let

n
In = Z Ay Xy

k=1

p
1
dpn = mzo Yn+i (p > 0,n20)
l:

14
1
¢p,n = —Z {nyiXnei (P = 1)
plp+1) &

Then

oo

oo p

1
2 |¢p.n| = Z Z [QpyiXnyi
~ ~ plp+1) &

9] 14

1
< R i , ,
= § @+ 1) l-:El anillxn il

p=1

foreveryn ( where M = sup|x;| = ||x||oo)
i=1
Thus
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[ee]
Z |¢p’n| < oo,Vn
p=1

Converse.

Suppose a = (a;) be a sequence of complex numbers such that (a;) € £ but

o) 14

=
_ ila,. ;| = o for somen
Z p(p+1) £ et

p=1

Define a sequence x = (x;), where x,, = sgnay, for every k, then (x;) € ¢, putting x,,,; =
sgna,;, we obtain

o0 14 00 14

1 . 1 .
L= =

p=1 p=1
This is a contradiction that (a;) € £%. Now it is sufficient to show that c¢& c ?,.
Let a = (a,) be a sequence of complex numbers such that (ay) € c& but (ay) € P, ie.

1) 14
=
_ ila,. ;| = o for somen
2 p(p+1) £ it

p=1

Since

9] p [e9)
=)

S S ad =Y o

p=1 p(p + 1) i=1 i=1

oo

= 2 |a,,+;| diverges for this n.
i=1
Define x = (x;) such that
0 ,Vk <n,
= Anai
= lsen—2 Wk =n+ii=123 .
Then (x) € c,. Since,
oo 14 0o 14
1 , 1
p=1 i=1 p=1 i=1
o) 14
1 1
= Z (5_ " 1) s, | wheres, = Z |apn4il
p=1 i=1

Since
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[oe]

S
Z |a, ;| diverges, therefore Z ?p
i=1

and

also diverges, therefore the series

) o) 14
1
Z p(p + 1)2 Wntinet = Z p(p + 1)Z lan+i
p=1 p=1 i=1

does not converge.
This is a contradiction, therefore ¢ c ?,, and the proof is complete.

3 Semi Difference sequence space (Def:)

Let w be the space of all complex valued sequences x = (x;). Kizmaz [3] introduced the
difference sequence space

oo (8) = {x = (xx) € w: (Axp) =g € €0}
He further proved that a sequence (x;) € € (4) iff
(1)
x|

sup —- < oo
k>I1) k

(ii)
sup |x — k(k + 1) x| < 00
k=1

By considering the first of the above two conditions i.e. (i), we have constructed a new
sequence space and call it to be a semi difference sequence space. Thus a semi difference
sequence ( x;, ) is defined as a sequence ( x; ) such that

k=1 k
or a semi difference sequence space
|oc |
Lo (sA) =4{x = (x) € wisup — = < o0 3.1)
k=1

Theorem 3.1 : £, (sA) is a Banach space with the norm defined by

x|l = sup' il
k=1 k

(3.2)

Proof: It is easy to see that ||x|| defined in (3.2) is a well defined on I, (sA). Now we prove
that [, (sA) is a complete normed space with respect to the above norm.

Let {x"};2, be a Cauchy sequence in [, (sA) where x" = {x} };~; such that
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||

sup <oo,(r=123,-)

k=1
Given 0 < ¢ < 1,3 a positive integer N, such that
[x" — x5|| < eVr,s = N,

or

<egVr,s = NoVk =1 (3.3)

1
|E (xk — xi)

This shows that for a fixed k(1 < k < =), the sequences

xP\”
k
r=1
is a Cauchy sequence of complex numbers. Since the space of complex numbers is a complete
normed space, therefore
k r=1

is converges in it. Suppose that the limit

xT
lim ?k =y, for some y, € C

T —00

Define x;, = ky, and x = (x;)z=,, keeping r fixed and taking the limit when s — o in (3.3),
we get

1
|E(x,’; - xk)| < g Vr = No&Vk > 1
or

1
E(x,?—xk)| <¢&Vr =N,

sup
k=1

or
x" > x asr > o
Now we must show that x € £, (sA), we have

k|
|x| = sup —=
k21 k

e — xj + x|

<sup—————+sup——
kzrl) k kgIl) k

< ¢ + finite number
= x € £ (sA)
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Therefore, £, (sA) is a Banach space. This completes the proof.
Theorem 3.2 : The a-dual of I, (sA) is I (sA) i.e. Ds,

where D, = {a = (ai) € w:z kla| < 00}
k=1

Proof : Let (a;) € Ds and x € I, (sA). Then

Xk
Z lagxi| = z klakl_k
k=1 k=1

x
< sup %z kla|
k=1 ]
< oo (using Theorem 3.1&3.4)

Thus (a;) € [%(sA).
Conversely, if (a;) € 1% (sA), then

o

Z lagxy| < o for each x € [, (sA)
k=1

Define x = (x;) where (x;) = k for each k.

o] [oe]

k=1 k=1

< oo using 3.4
= (ak) € Ds

Therefore,
& (sA) = D,

Thus we complete the proof.

(3.4)
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