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Abstract 

The present paper aims at introducing the concept of orthogonality of functions in a Fuzzy σ-

algebra µ; which is the appropriate generalization of the concept of disjointness in theory of fuzzy sets. 

The notions of null-additivity, null-null-additivity and σ-null-additivity, using the concept of 

orthogonality, are introduced and studied. In this paper, we have established the existence of three kinds 

of variations, namely orthogonal variation 0|| m
,
chain variation cm || and inclusion variation im ||  of 

a functions m defined on fuzzy σ-algebra µ and it is also shown that, in general, they are not unique. 

We also studied the properties as null additivity,  null-null-additivity, exhaustively and so on and 

relations between these three kinds of variations on µ. A Jordan type decomposition theorem for an 

extended real-valued function, which is of bounded chain variation defined on µ is established. Also, a 

Jordan type decomposition theorem for real-valued function m defined on µ, where the decomposed 

parts involve the positive and negative inclusion variations 


im and 


im of m, is established. Finally, 

introducing the concept of m-atom of a real-valued function m on µ, it is shown that (for a suitable m) 

m is non-atomic if and only if its inclusion variation im ||   is non-atomic.  

2.Preliminaries 

             2.1 A fuzzy set in a nonempty set X is an element of the family of 
XI of all functions from X to 

the closed unit interval ]1,0[I of the real line. A fuzzy set which assigns to each x in X the value t, 

It , is denoted by t. A sequence 


1}{ ii of fuzzy sets in X increases to 
XI  (written as  i ) if 



1)}({ ii x is monotonic increasing and converges to )(x for each x in X. 

             2.2 A fuzzy σ-algebra µ on a nonempty set X is a subfamily 
XI of satisfying: 

             A1. 1         

             A2.   1   

             A3. if 


1}{ ii  is a sequence in µ, then  



ii

i
sup

1
. 

If N1 and N2 are fuzzy σ-algebra on X, then 
21 NN   denotes the smallest fuzzy σ-algebra on X, 

containing
21 NN  . Arbitrary intersection of fuzzy σ-algebra on a set X, is a fuzzy σ-algebra on X. For

XIS  , [S] denotes the smallest fuzzy  σ-algebra containing S [ ]. 

             2.3.[  ] Let X  be a  nonempty set. 

             (i) [{0}] = {0, 1} is the trivial fuzzy algebra on X. 

             (ii) For }.1,0,,,,{}][{, '''   XI   

             (iii) Let ),,( PBX  be a classical probability measure space. Then }:{
^

BAB A  
 
is a fuzzy 

σ-algebra on X. 
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Note that if  i , then by [  ], we have  



i

i 1
. 

3. Null Additive function 

             Definitions 3.1 Let m be an extended real valued functions defined on µ i.e. ],[: m

. We say that 

  (i) m monotone if gf ,  
and gf  implies ).()( gmfm   

(ii) m is continuous from below, if , }{ nf  and ...21  ff  imply 

)(lim)(
1

n
n

n
n

ffm





 . 

(iii)  m is continuous from above, if }{ nf and ...21  ff with 1,|)(|  nfm n , 

imply )(lim)(
1

n
n

n
n

ffm





 . 

             Definition3.2  The functions f and g, gf ,  are said to be orthogonal, denoted by gf 

if and only if 0)(  gfm . The sequence }{ if of functions from   are said to be mutually orthogonal 

if and only if 0)(  ji ffm  for ji  . 

             Definition 3.3 (i) A function ],[: m ] is called null- null additive, if 0)(  gfm  

whenever  gfgf  ,,  , and .0)( gm  

             Example 3.1. (i) Let 0)( fm , whenever f  and 0f . Then m is a null-additive 

function. 

             (ii)  Let },{ yxX  and }1,,,0{ }{}{ yx   . Define ],0[: m  by 1)1( m  and 

 1,0)( ffm . Then  m not a null-additive function. 

             (iii)  Let ]1,0[: m be a function defined by 
  

 ffm ff

ff ,{)( .2/1)(),(2

2/1)(,2)(2 , where

]1,0[: m  is a function satisfying )()()( gfgf    for gf , and gf  .Then m is 

null-additive function. 

             Definition 3.4  A function ],0[: m  with 0)( fm  is called a σ-null-additive if for 

every f and for any sequence }{ ig of function from  µ such that Nigf i  , , and 0)( igm , 

we have )()(
1

fmgfm i
i





. 

             Theorem 3.1 Let ],0[: m  be a monotone, null-additive and continuous from above 

function. Then )()(lim fmgfm nn   for f  and for any decreasing sequence }{ ng of 

functions from   for which 0)(lim  nn gm  and there exists at least one n0 such that 

 )(
0ngfm  as  )( fm . 

             Proof. Let nn gg 

 1 . Then  )(lim)()( 1 nnnn gmgmgm 



  . Also, by [  ], we have  

gfgf nn 

 )(1 . Hence from )()( gfgf n  , and null-additivity and continuity from 

above of m, we get )()()(lim fmgfmgfm nn  . 

             Proposition 3.1. Let ],0[: m  be a null-additive function. Then 

(i) m is null-additive. 
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(ii) 0)( igm  for all Ni  implies 0)(
1





i

i
gm  for a sequence }{ ig of mutually 

orthogonal functions from µ. 

             Proof. (i) Let 0)( gm and  gfgf ,, . Then taking  01 g  and for 2ig , we have 

by definition of σ-null-additivity that 

                          ).()()(
1

fmgfmgfm i
i





 

which yields that m is null-additive. 

              (ii)) By σ-null-additivity of m, we have }{ nf  

             Proposition 3.2. Let   ,0: m  be a monotone, null-additive and continuous from below. 

Then m is a -null additive function.  

 Proof. Let  igf , be a sequence of nutually orthogonal functions from  such that
igf 

and 0)( igm . Let  i

n

i
n gfh 

1
. The }{ nh is increasing, and 

    

































i

i
i

i
n

n
gfmgfmhmLim

11
 . Since m is monotone and null additive, by principle 

of induction, we get   NnhmLim n
n




0 , which yields that m is a -null-additive function.  

             Proposition 3.4. Let   ,0: m  be a function satisfying 

       gfgmfmgfm ,, . Then m is null-additive if and only   if 

      fmgfgfm  , whenever gf  and 0)( gm .  

4. Existence of variation and a Jordan type decomposition theorem. 

             Definition 4.1. Let m be an extended real-valued function defined on , i.e.   ,:m

, with 0)0( m . Then variation of m is a function   ,0:   with the following properties : 

 (i)  for every f , we have   ;0  f  

 (ii)    ;00   

 (iii)     ;,   fffm  

 (iv)    is monotone;  

 (v)    0f  if and only if m(g) = 0 for every  gffg ,, . Obviously for every 

      gfggmff ,:sup,  and for  gffg ,, , we obtain by (iii) and (iv), 

     .gmgf   

             Definition 4.2. Let m be an extended real-valued function defined on , with .0)0( m For 

every f , we define  

     ,
1

0 



n

i

ifmfm  

     


 
n

i

ifmfm
1

0 0,maxsup  

     


 
n

i

ifmfm
1

0 0,maxsup  

 where the supremums are taken over all finite families  if of mutually orthogonal functions 

from  such that  .1 niffi   We say 


00
, mm and 



0m the orthogonal variation, positive 

orthogonal variation and negative orthogonal variation, respectively. We say that m is of bounded 
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orthogonal variation (on ) if   .1
0

m it is evident that   1
0

m if and only if    10m and 

  .10 m  

 Note that for    ,0: orRm   with    2,100:  im  and RC , we have 

0201021 mmmm  and .
0101 mmc   Also sup      .,,: 0   ffmgfggm  

 Definition 4.3. Let m be a real-valued function defined on , i.e.   ,: m , with 

0)0( m . For every ,a we define  

       ,sup
1

1



n

i

iic
fmfmfm  

       ,0,maxsup
1

10 




 
n

i

ii fmfmfm  

        ,0,maxsup
1

1




 
n

i

iic fmfmfm  

 where the supremums are taken over all finite chains }{ if in  between 0 and f, i.e., 

.,...,2,1,......0 0 nfffff ini  We call 


cc
mm , and 



cm , the chain variation, positive 

chain variation and negative chain variation (m), respectively. We say that m is of bounded chain 

variation, if   .1 m It is evident that   1m  if and only if    1m  and   .1 m Note that 

       ffmgfggm
c

,,:sup  and for a [0,] valued monotone function m, with 

0)0( m ,     . fforfmfm
c  

             
Definition4.4. Let m be an extended real –valued function defined on µ, with 0)0( m .  For 

every f we define
       

              
},:)(sup{)(  gfggmfmi ,  

             
},,:)(sup{)(  gfggmfmi  

             
).()()( fmfmfm iii

 
  

 We say that 


im , 


im  and im || the positive inclusion variation, negative inclusion ,variation and 

inclusion variation of m (on µ),respectively. We say that m is of bounded inclusion variation if 

.)( im  Also .),()(||  ffmfm
iii  Note that        ffmgfggm

c
,,:sup  

and for a [0, ] valued monotone function m, with m(0) = 0,     . fforfmfm
c  

 Theorem4.1.(The existence of variation).For every extended real valued defined on µ,with 

m(0)=0, always exists its variation, which is not unique. 

 Proof.We have to show: 

 If m be an extended real valued defined on µ,with m(0)=0.Then orthogonal variation 
0

m of m 

has the following properties: 

             (i) ;()(0
0

 ffm  

             (ii) ;0)0(
0

m  

             (iii) ;)()(
0

 ffmfm  

             (iv) )(
0

fm is monotone; 

             (v) 0)(
0

fm  if and only if m(g)=0 for every ;,  gfg  
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             (2) Let m be an extended real valued function defined on µ,with m(0)=0. Then the chain 

variation c
m

 of m has the following properties for :f  

             (i) ;)(0  fm
c

 

             (ii) ;0)0( 
c

m  

             (iii) );()( fmfm
c

  

             (iv) )( fm
c

is monotone; 

             (v) if 0)( fm
c

 and only if m(g)=0 for every .,  gfg  

 (3) Let m real-valued defined on µ,with m(0)=0. Then the inclusion variation 
i

m  of m has the 

following properties for :f  

             (i) ;)(0  fm
i

 

             (ii) ;0)0( 
i

m  

             (iii) );()( fmfm
i

  

             (iv) )( fm
i

is monotone; 

             (v) 0)( fm
i

 if and only if m(g)=0 for every .,  gfg  

The basic idea for the proofs of the above results is taken from [ ] and [  ,  ]. The proofs are immediate, 

therefore leaved. Finally, it remains to show .
0 ic

mmm  For this, let },{ yxX   and 

}1,,0{ }{},{ yx   .Define Rm :  by 3)(,2)(,0)0( )(}{  yx mmm   and .8)1(m  . 

Then ,8,5)1(
0


i

mm  and .11)2( 
i

m  

             Definition4.5. Afunction Rm :  is called superadditive, if for any family Iiif }{  of 

mutually orthogonal functions from µ,we have  

                                   )()( i
Ii

Ii

i fmfm




 . 

              Theorem 4.2. Let   ,0: m be a monotone function, with m(0)=0. Then its orthogonal 

variation 
0

m is superadditive. 

              Proof. Let us suppose that m ≠ 0. Let 21, gg  such that 
21 gg   and 0)( igm

)21(  iori . Take an arbitrary but fixed Rr  such that .)()( 201 rgmgm   Then there 

exists two numbers Rr 1
 and Rr 2

 such that 
21 rrr   and .)(,)( 220110

rgmrgm   Thus there 

exists two functions  
niif 1

1 and  
kjijf



2  of mutually orthogonal functions from µ with 

).......,2,1(1

1 nigfi   ),......,2,1(2

2 njgf j   such that 
1

1

1

)( rfm i

n

i




 and  
2

2

1

)( rfm j

k

i




,respectively. 

The family  22

2

1

1

,11

2

1

1 ,...,,,,...,, kn ffffff  consists of mutually orthogonal functions from µ with 

),...,2,1,,...,2,1(, 21

21 kjniggff ji   and we obtain ).()()(
1

2

1

1

210 



k

j

j

n

i

i fmfmggm  

Therefore by the inequalities (1) and (2), we obtain that, 

                                      
.)( 21210

rrrggm 
                                                                                (3) 

Further the inequalities (1) and (3) yields that ).(||)(||)( 21210
gmgmggm oo   Using principle 

of induction, we can show that the preceeding inequality holds for every finite family  
Iiif   of 
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mutually orthogonal functions from µ, i.e, 





Ji

ioi
Ji

fmfm ).()(
0

 For an arbitrary family  
Iiif   of 

mutually orthogonal functions from µ, the preceeding step yields for each finite subset J of I, 

                                    





Ji

ioi
Ji

o fmfm )(||)(||  

which yields that  i.e, 
0

m  is superadditive. 

             Proposition 4.1. Let ],0[: m  be a superadditive function. Then for every ,f  we 

have 

              (i) },:)(sup{)(
0

 gfggmfm  

             (ii) }.:)(sup{)(
00

 ggfmfm  

Moreover, if m is monotone then 

             (iii) ).()(
0

fmfm    

             Proof. (i) Let  
niif 1  be a finite family of mutually orthogonal functions from   such that 

ffi  . Let .
1

i

n

i
fh


  Then, by superadditivity of m, we assertion. 

             (ii)obvious. 

             (iii)Monotonocity of m and (i) implies that 

).(},:)(sup{)()(
0

fmgfggmfmfm    

             Propsition 4.2 Let ),0[: m  be a function. Then 
.000

mm   

              Proof. Let .f  Since for each finite family  
niif 1  of mutually orthogonal functions from 

µ such that ,ffi   we have 

                                       



n

i

i

n

i

i fmfmfm
1

000
1

)()()(  

which yields that )()(
000

fmfm  . Further monotonicity of 
0

m  and proposition 4.1 (i) and (ii), 

yields that ).(},:)(sup{)(
0000

fmgfggmfm    

            Proposition4.3. Let ],0[: m  be a monotone and null-additive function with m(0)=0. Then 

its orthogonal variation 
0

m  is also null-additive. 

           Proof. Let g  such that .0)(
0

gm  Then, by Theorem 4.1 (i) and (iii), m(g) = 0. For an 

arbitrary f  such that ,gf  we have 

                   sffmgfm i

n

i

i ':)(sup{)(
1

0 


  are mutually orthogonal functions from µ          

                                         such that )}1( nigffi  .  

                             =  



n

i

iii sfgfffm
1

':)()(sup{  are mutually orthogonal functions     

                               from µ such that )}1( nigff i  .  

Since m is null-additive, we get 

             sfffmgfm i

n

i

i ':)(sup{)(
1

0 


  are mutually orthogonal functions from µ          

                             such that )}1( nigff i  .  







Ii

ii
Ji

fmfm ),()(
00
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                          =  


n

i

ii shhm
1

':)(sup{  are mutually orthogonal functions     

                            from µ such that )}1( nifhi  .  

                         = ).(
0

fm  

              Proposition 4.4.Let ],0[: m  be a monotone  function with, m(0)=0.Then 

.),()(  ffmfm
c

 Moreover, if m is superadditive, then .),()()(
0

 ffmfmfm
c

  

             Proof. The first part of the proposition is immediate of by definition of monotonicity of m. 

For the second part of the proposition, by proposition 4.1 (i), we have 

                                       }.,:)(sup{)(
0

 gfggmfm  

Further, since m is monotone, we have )()(
0

fmfm  . Hence  ).()()(
0

fmfmfm
c


 

             Theorem 4.3 Let ],0[: m  be a monotone function with m(0) = 0. Then its orthogonal 

variation 
0

m  is the smallest variation of all superadditive variation of m. 

             Proof. By Theorem 4.2, 
0

m  is superadditive. For an arbitrary finite family  
Iiif   of mutually 

orthogonal  function from µ such that )( Iiffi   and any superadditive variation   of m, we have 

                                       





Ii

i

Ii

ii
Ii

fmfff .)()()()(   

Hence ).()(
0

fmf   

              Proposition 4.5. If m be an extended real valued defined on µ,with m(0) = 0. Then the positive 

and negative orthogonal variation of m, 


om  and 


om have the following properties: 

              (i)  ;)()(0,)(0   ffmfm oo  

             (ii)  ;0)0()0( 00   mm  

             (iii) 


om and 


om  are monotone; 

             (iv)  ;)(,)()0( 0000

  mmmm
 

             
(v)  ;)()()()(),()()( 000000

  ffmfmfmfmfmfm  

             (vi) 0)(
0

fm  if and only if ;)(0)()( 00   ffmfm  

             (vii)  ).)(()()( 00   ffmfmfm  

             Proof. The proof of (i) and (vii) are immediate concequences of definition. 

             
Theorem 4.5. Let m be an extended real-valued function defined on µ, with m(0) = 0. If there 

exist non negative, superadditive functions 
1  and 

2  defined on µ such that 
21  m , then 

 01 m and  02 m  where  

om and 

om  are the positive and negative orthogonal variation of m, 

respectively.  

             Proof. Let f  and  
niig

1
be a finite family of mutually orthogonal functions from µ such 

that  fgi  . Put 
i

n

i
gg

1
 . Then 

 g,fg
. By the inequalities 

21,   mm  non- negativity 

monotonicily of 
1  and 

2 , we have 

                    









n

i

iii

n

i

i fggggmgm
1

1111

1

,)()()()()(}0),(max{   

                    









n

i

iii

n

i

i fggggmgm
1

2222

1

,)()()()()(}0),(max{   



 

© Association of Academic Researchers and Faculties (AARF) 
A Monthly Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories. 

 

Page | 61  

where  
 

)( is taken over those i for which )0)((0)(  ii gmgm . Hence )()( 10 ffm 
 

and )()( 20 ffm 
. 

             Proposition4.6. Let m be an extended real-valued function defined on µ, with m(0) = 0. If m is 

null-null-additive, then its orthogonal variation 
0

m  is also null-null-additive. 

              Proof. Let gfgf  ,,   and 0)()(
00

 gmfm , then by Theorem 4.1(i) (v),we have 

0)( 1 fm  for  11 , fff  and 0)( 1 gm  for  11 , ggg . Thus for an arbitrary 

 hgfh , , by null-null-additivity of m, we have 

0))()(())(()(  ghfhmgfhmhm  and it follows that 0)(
0

 gfm . 

              Proposition 4.7. If  non-negative an extended real-valued function defined on µ, with m(0) = 0 

is continuous from below, then its orthogonal variation 
0

m is also continuous from below. 

             Proof. Let }{ nf  be an increasing sequence of functions from µ. Let   )(
1

Nkg
kii 

   be an 

arbitrary finite family of mutually orthogonal functions from µ and such that )1(
1

kifg n
n

i 



. 

Then ini gfg   as n   for each fixed i )1( ki   and, since m is continuous from below, by 

the definition of )(
0 nfm  we have 

                                       







k

i

nin

k

i

i fgmgm
11

)(lim)(  

                                                         =  


 
k

i

nin fgm
1

)(lim  

                                                        ).(lim
0 nn fm    

Since kiig 1}{  is an arbitrary, finite family of mutually orthogonal functions from µ  and 

)1(1 kifg nni  

 , we get by the last inequality 

                                       ).(lim)(
010 n

n
n

n
fmfm






   

Together with the opposite inequality from the monotonicity of 0|| m , we obtain the desired conclusion. 

             Definition4.6. A function ],[: m   is said to be exhaustive, if }{ nf  such that 

jiff ji   implies 0)(lim 


n
n

fm . 

             Proposition 4.8. Let m be a non-negative extended real-valued function defined on µ. Then its 

orthogonal variation 0|| m  is exhaustive and m itself is also exhaustive. 

             Proof. Let )1(|| 0m . On the contrary, let 0|| m  is not exhaustive, then there would exist 

an 00   and a sequence  nf  of mutually orthogonal functions from µ such that  

                                       00 )(|| nfm  for n = 1,2,…                                                                           (1) 

On the otherhand, there exists a finite family 
nki

n

ig 1}{ (for each 1n  ) of  mutually orthogonal 

functions from µ,with ),...,2,1( nn

n

i kifg   such that  

                                       )(||
2

|)(| 0

1

0
n

k

i

n

i fmgm
n





 

and, hence from (1), 
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                                       ,...).2,1(
2

|)(|
1

0 


ngm
nk

i

n

i


 

Since ,...}}{,}{
21 1

2

1

1

kiikii gg   consists of family of mutually orthogonal functions from µ,we have by 

definition of )1(|| 0m  (for any 1 ), 

                                       
 


N

n

k

i

n

i

n N
gmm

1 1

0

'

0 ,
2

|)(|)1(||


 

which contradicts our hypothesis. Hence 0|| m  is exhaustive. 

For the second part of the proposition, let }{ nf  be an arbitrary sequence of mutually orthogonal 

functions from µ, then by Theorem 4.1(i) (iii) and exhaustively of 0|| m , we have the assertion. 

             Propisition4.9. Let m be an real valued function defined on L,with m(0) = 0. Then the positive 

and negative chain variation of m, 


cm  and 


cm have the following properties for f  : 

             (i) ;)(0,)(0   fmfm cc  

             (ii) ;0)0()0(  

cc mm  

             (iii) 


cm and 


cm  are monotone ; 

             (iv) ;)(,)(   cccc mmmm
 

            
 (v ) 0)( fm

c
 if and only if ;0)()(   fmfm cc  

             (vi) ;)()()( fmfmfm ccc

   

 Moreover, if m is of bounded chain variation defined on µ, then 

             (vii) ;  cc mmm  

             (viii ) ;||   cc mmm  

             (ix) ).|(|
2

1
),|(|

2

1
mmmmmm cc  

 

             Proof. Parts (i) - (vii) are the immediate consequence of the Definition 5.1. 

             (viii) For f , let us consider the chain .,...,2,1,,...0 10 nifffff in    Since 

}0),()(max{}0),()(max{|)()(| 111   iiiiii fmfmfmfmfmfm ,we get   

                                       )()()(|| fmfmfm cc

  .                                                                                (1)             

For the reverse inequality, for an arbitrary 0 , let us choose a chain 

nifffff in ,...,2,1,,...0 10    such that  

                                       




 
n

i

cii fmfmfm
1

1 .)(}0),()(max{                                                         (2) 

Let 
1S  be a subchain which consist of chain pairs },{ 1 ii aa 

for which
 

                                        
 

 c

S

ii mfmfm
1

|)()(| 1                                                                        (3) 

holds, where 
1S

denotes the summation over the subchain 
1S .Further, let 

2S  denotes the subchain 

which consist of chain pairs },{ 1 ii ff 
 of the rest with respect to 1S .Then we have 

                                        

21

).()()(||)()(| 11

S

ii

S

ii fmfmfmfmfm                                      (4) 
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Hence                             

112

).()()(||)()(| 11

S

ii

S

ii fmfmfmfmfm  

                                                                        .)()()(    fmfmfm cc                               (5) 

Futher, since 

                  





21

),()()(||)()(|)()(| 11

1

1

S

ii

S

ii

n

i

ii fmfmfmfmfmfmfm  

by use of inequalities (2) and (5), we get 

                                           




 
n

i

ccii mfmfmfm
1

1 .2)()()(|                                                   (6) 

Since 0  is arbitrary, by inequalities (1) and (6), we have the desired conclusion. 

             (ix) The result follows from (vii) and (viii). 

             Theorem4.6. Let m be a function of bounded total variation defined on µ. If there exist 

monotone real-valued functions 
1  and 

2  defined on L, with ,0)0()0( 21     such that  

21  m , then  m1 and  m2 , where  

cm and 

om  are the positive and negative chain 

variations of m, respectively. Moreover, th   

cm2 ere exists a non-negative function   defined on 

µ, with 0)0(  , such that   

cm1  and  . 

             Proof. By proposition 4.9(vii), we get 21    mmm cc  and then 
  cc mm 21  . 

To prove the first part of the theorem, it is sufficient to prove that 01  m . 

        For f  and arbitrary 0 , there exist a chain 

nifffff in ,...,2,1,,...0 10    such that 

                                       




 
n

i

iic fmfmfm
1

1 },0),()(max{)(    

                                                          


'

'' )],()([
1

i
ii

fmfm 0)()( 1  ii fmfm  

where 
'i

is taken over those i for which. Now, using 
21  m  and monotonicity of  1  and  2

, we have 

               


'

''

' '

'''' )]()([)]()([)]()([
1221111

i
ii

i i
iiii

fffffmfm   

                                                  


'

'' )]()([
111

i
ii

ff   

                                                 


 
n

i

ii fff
1

1111 ),()]()([   

which yields that )()( 1 ffmc  
. Since 0  is arbitrary, we have desired conclusion. 

          Putting 
  cc mm 21  , the second part of the theorem  is proved. 

              Lemma4.1.Let gf , and fg  .If )(|| gm c
,then 

)(||)(||)()(| gmfmgmfm cc  . 

             Proof. For an arbitrary 0 , there exist a chain connecting 0 to g, that is, 

nifgfff in ,...,2,1,,...0 10    such that 

                                       



n

i

iic fmfmgm
1

1 .|)()(|)(||   

Now, let us consider the chain nifffgfff inn ,...,2,1,,...0 110    . For this 

special chain, we have the preceeding inequalities as  
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                                       




 
1

1

1 .|)()(|))(|(||)()(|
n

i

cii gmfmgmffm   

The definition of )(|| fm  yields that  

                                       ),()(|))(|(|)(|| gmfmgmfm cc    

which further yields that 
                                       .|)()(|)(|)(|| gmfmgmfm cc    

Since 0  is arbitrary, we have the desired inequalities. 

             Theorem 4.7. A real valued function m defined on µ, with m(0) = 0 is of bounded chain variation 

if and only if there exists a monotone real-valued function   defined on µ such that 

)()(|)()(| gfgmfm   holds for any  gf ,  and fg  . 

             Proof. Firstly, let us suppose that m is of bounded chain variation. Putting 
cm || , we get   

is monotone and by lemma 4.1, we get for gf ,  and ,fg  )()(|)()(| gfgmfm   . 

             Conversely, if    is monotone real-valued function defined on µ, which satisfy the given 

inequalities, then for an arbitrary but fixed chain niffff in ,...,2,1,,,1...0 10   , we have 

                                       






 
n

i

ii

n

i

ii fffmfm
1

1

1

1 ).0()1))()((|)()(|   

Thus, by definition of )1(|| cm  we get  

                                       ).0()1()1(||  cm  

Hence m is of bounded chain variation. 

             Proposition4.10. Let m be a function of bounded chain variation defined on µ. If its chain 

variation 
cm ||  is continuous from below (respectively, continuous from above), then so is m. 

             Proof. Let }{ nf  be an increasing sequence of function from µ. By Lemma 4.1, we have the 

inequality: 

                                       ).(||)(|||)()(| 11 ncnncnnn fmfmfmfm  





  

Thus continuity from below of 
cm ||  implies that of m. 

             Continuity from above of m can be proved by similar arguments.  

             Proposition 4.11 Let m be a function of bounded chain variation defined on µ. Then 

             (i) m is continuous from below if and only if its chain variation 
cm ||  iscontinuous from below. 

             (ii) m is continuous from below if and only if its positive and negative variation 


cm and 


cm are 

continuous from below. 

             Proof. The if part: The proof of this part is done in proposition 4.10. 

             The only if part: Let }{ nf be an increasing sequence of function in µ. 

Let us consider an arbitrary finite family 
kiig 1}{  of function from µ. Consider the finite chain  

n
i

k ffff





1
10 ...0 . Since ini gfg  )(  as n  for each fixed )1( kii   and m is 

continuous from below, we get 

                         
 

 
k

i

k

i

ninninii fgfgmgmgm
1 1

11 |)(lim)(lim||)()(|   

                                                    


 
k

i

ninin fgmfgm
1

1 |)()(|lim  

                                                    


 
n

i

ninin fgmfgm
1

1 .|)()(|lim  

Since the chain 
nnknn ffgfgfg  ...0 10
, is a chain connecting 0 to 

nf , by definition 

of )(|| nfm  we get 
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                                       


 
k

i

ncnii fmgmgm
1

1 ).(||lim|)()(|  

Further, since the family 
kiig 1}{  is arbitrary, by last inequality we get, 

                               ).(||lim)(|| 1 ncnnnc fmfm 



   

Since the opposite inequality follows from the monotonicity of 
cm || , we obtain the desired result. 

The result is immediate consequence of (i) and Proposition 4.9(7) and (8). 

             Proposition 4.12. Let m be a real-valued function defined on µ, with m(0) = 0. 

             (i) If m is null-null-additive, then its chain variation 
cm ||  is also null-null-additive. 

             (ii) If m is non-negative and monotone, then its chain variation 
cm ||  is also null-additive. 

             Proof.(i) The proof this part is similar to Proposition 4.6. 

             (ii) Let gfgf  ,,   and  0)( gm
c

. Then for any h , we have by monotonocity  of 

cm || , 

                                       ,0)(||)(|||)(|  gmghmghm cc
 

that is, 0)(  ghm . For an arbitrary chain in µ between 0 and 

nihgfhhhgf in ,...,2,1,,...0: 10   , we have by monotonocity of 
cm ||  and null-

additivity of m, 

                                  
 

 
n

i

n

i

iiii gfhmgfhmhmhm
1 1

11 |))(())((||)()(|   

                                     


 
n

i

iiii ghfhmghfhm
1

11 |))()(())()((|  

                                                                   


 
n

i

ii fhmfhm
1

1 .|)()(|  

Further, since 
nii fh  1}{  is a special chain between 0 and f, by the definition of )(|| fm c

, we have 

                                       


 
n

i

cii fmhmhm
1

1 ).(|||)()(|  

Thus, by the definition of )(|| gfm c  , we get 

                                       ).(||)(|| fmgfm cc   

Since monotonocity of 
cm ||  implies the reverse inequality, we conclude that 

cm ||  is null-additive. 

             Theorem 4.8. Let m be an extended real-valued function defined on µ, with m(0) = 0. Then is 

of bounded chain variation if and only if it can be expressed as a difference of two finite, non-negative, 

monotone real-valued function 
1m  and  

2m  on µ, with  0)0()0( 21  mm . 

             Proof. Firstly, let us suppose that m is of bounded chain variation. Then by Proposition 4.9(vii), 

we have 
  mmm . Put 

 mm1  and 
 mm2 . Again according to proposition 4.9 (i)-(iii), we 

obtain that both 
1m  and  

2m  are finite, non-negative, monotone real-valued function on µ, with  

0)0()0( 21  mm . 

             Conversely, let 
22 mmm  ,where 

1m  and 
2m  are finite, non-negative, monotone real-valued 

function on µ, with  0)0()0( 21  mm .Then for fggf  ,,  ,we have by monotonicity of  
1m  

and  
2m , 

                                       |))()(()()(|)()(| 2121 gmgmfmfmgmfm   

                                                               |))()(()()(| 2211 gmfmgmfm    

                                                               )()()()( 2211 gmfmgmfm   

                                                               ))()(()()( 2121 gmgmfmfm   

                                                               ),()( gf    
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where 
21 mm  . Hence by Theorem 4.7, m is bounded chain variation. 

          Theorem 4.9. (Jordan type decomposition Theorem) . Let m be an extended real-valued function 

defined on µ, with  m(0) = 0. Then m is of bounded chain variation if and only if it can be expressed as 

a difference of two finite, non-negative, monotone real-valued function 
1m  and  

2m  on L, with  

0)0()0( 21  mm .Moreover if m is continuous from below function defined on µ, then its 

decomposed parts 
1m  and  

2m  are also continuous from below function on µ.   
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